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Most recently, the generalized difference operator A} of order three was defined and its domain in Hahn sequence space h was
calculated. In this paper, the spaces £, (A?) and bv (A?) are introduced as the domain of generalized difference operator A} of order
three in the sequence spaces ¢; and bv. Then, some topological properties of £, (A?) and bv(A?) are given, and some inclusion
relations are shown. Additionally, algebraic dual, a—, -, and y— dual spaces of ¢; (A}) and bv(A;}) are computed. In the last
section, the classes (y(A?): A) and (A ‘u(A?)) of matrix transformations are characterized, where p={€,bv}

and A = {c, ¢y, €1, €, bs, cs, bv, h.

1. Preliminaries and Notations

The set of all complex valued sequences is denoted by w and,
according to the classification of w each subset of w, is called
a sequence space. In the literature of sequences, the set £,
which is called the set of all bounded sequences, the set ¢
which is called the set of all convergent sequences, and the
set ¢, which is called the set of all null sequences are called
classical sequence spaces. If a sequence space y is a complete
metric space with continuous coordinates, then it is called
FK-space. A normed FK-spaces is called a BK-space.
Therefore, the classical sequence spaces £, ¢, and ¢, are
BK-spaces with respect to the norm defined by
%/l o = supren|xil- Moreover, the spaces of all absolutely p—
summable, convergent series, null series, and bounded series
are denoted by €, cs, cs), and bs, respectively, where
1< p<oo.

The space of absolutely summable sequences which is
denoted by ¢, and the space of all sequences of bounded
variation which is denoted by bv are defined, respectively, as
follows:

€1:«{x:(xk)ew: lek|<oo]>, (1)

k=0

and it is a BK-space with its norm ||x||£,1 =Yoo 1%l < c0:

bv:{xz(xk)ew: OZO:|xk—xk_1|<oo}, (2)

k=0

and it is a BK-space with respect to the norm ||x||,, = x|+
Yo lxe = x4 < 00. On the one hand, the sequence space
bv is defined as the backward difference operator A domain
on the sequence space ¢;, where Ax; = x; — x;_;, for all
k € N. On the other hand, we can also represent bv as

bv:{x:(xk)Ew: §|xk—xk+1|<oo}, (3)

k=1

which is the forward difference operator A domain on the
sequence space ¢;, where Ax; = x; — x;,;, for all k € N. The
space by, = bvN¢, and the inclusions ¢, C by, C bv C c are
strictly held.
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The alpha-dual A%, beta-dual A*, and gamma-dual A" of a
sequence space A are defined by

M ={x=(x) ew: xy=(x, ) €€ forally =(y;) €A},

L {x=(x) ew: xy=(xy) €cs forally =(y;) €A},

A= {x:(xk) cw: xy:(xkyk) € bs forallyz(yk) 6/1}
(4)

The a—, f—, y— duals of the spaces ¢, and bv are defined
by
{gl}lx ={€1}ﬁ ={€1}y = loos
BV} ={bv,}* = €, (b} = cs, {bv, )
= bs, {bv}" ={bv,}" = bs.

(5)

Let A = (a,)i nen be an infinite matrix and A, y € w. We
write

yi = (Ax), = Y aux, (6)
k

and then, we say that A defines a matrix transformation from
Ainto p as A: A — p if Ax = {(Ax),} € u, for every x € A.
We denote the set of all infinite matrices that map the se-
quence space A into the sequence space y by (A: u). Thus,
A € (A: ) if and only if the rlght side of (6) converges for
every n € N, that is, A, € AP, for all n €N, and we have
Ax €y, for all x € A

If a normed sequence space A contains a sequence (b,,)
with the following property that, for every x € A, there is a
unique sequence of scalars («,,) such that

lim |x = (apby + oyby + -+ + a,b,)| = 0,

Lm (7)
then (b,) is called a Schauder basis for A. The series ) ;oby
which has the sum x is then called the expansion of x with
respect to (b,,) and written as x = Y, o by

If A is an FK-space, ¢ € A, and (e*) is a basis for 1, then A
is said to have AK property, where e is a sequence whose
only term in Kkt place is 1; the others are zero, for each k € N
and ¢ = span{e}. If ¢ is dense in A, then A is called
AD-space; thus, AK implies AD.

Let A be a sequence space and A = (a,;),xn be an
infinite matrix. Then, the matrix domain A, of an infinite
matrix A in the sequence space A is defined by

Ay = {x (x4) € w: <Z ankxk> existandisin A } (8)
neN

Wilansky (Theorem 4.4.2, p. 66 of [1]) defined that if A is
a sequence space, then the continuous dual 1), of the space
A4 is given by

My={f: f=g°Agel}
It is well known that €] = bv* = £, (see [2, 3]).

9)
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2. The New Difference Sequence Spaces £, (A?)
and bv (Af)

Now, we define the new difference sequence spaces ¢, (A?) and
bv(A]) as the domain of generalized difference matrix A? of
order three in the sequence space ¢; and bv. Then, we show that
¢, (A?) and bv(Af ) are BK— spaces and they are linearly iso-
morphic to the sequence spaces £; and bv, respectively, and we
show that A} is a linear and bounded operator over the se-
quence spaces €; and bv to prove the inclusion relations among
¢, (A}) and ¢, and bv (A7) and bv, respectively.

The difference matrix A of order one was defined by
Kizmaz [4] as (Ax;) = x; — X}, and he studied its domain
on classical sequence spaces. The generalized difference
operator A? of order two was defined by Dutta and
Baliarsing [5] as (A®x;) = x; —2x;; + X,_,, and they
studied its spectrum on the sequence space c¢,. Moreover,
Baliarsing and Dutta [5] defined the generalized difference
operator A7 of order two as (Afx;) = x; — x5y + 1/3x;_,
and studied its spectral subdivisions over the sequence
spaces ¢, and ¢,. Then, again, Dutta and Baliarsing [6]
defined generalized difference operator A® of order three as
(A%x) = x; — 3% + 3%, — X;_3 and studied its spectrum
over the sequence spaces ¢, and ¢,.

The generalized difference matrix A} = (§,;) of order
three was defined by Malkowsky et al. [7] as

1 0 0 0 0 O

—~ 1.0 0 0 0
2
-3
1 —1 0 0 O
2
-1 -3
dpy=l — 1 — 1 0 O 10
nk 4 P ( )
-1 -3
0O — 1 — 1 0
4 2
-1 -3
0 0 — 1 — 1
4 2
The matrix A} transforms a sequence x by
3 if3
(-1) 3
(Asx) =Z, Xpoj = X — =Xpq + Xjp — ~Xj_3-
T Livr\ 2 4
(11)

Then, most recently, the generalized difference matrix
A} = (8,4) domain in Hahn sequence space h was calculated
and studied by Tug et al. [8].
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Now, we define the following difference sequence spaces
as the set of all sequences whose A;-transforms are in the
sequence spaces ¢, and bv as follows:

EI(A?) = {x = (x) € w: §:|(A13x)k| <oo},
bv(A?) = {x = (x) € w: I;J(Afx)k —(A?x)k71| <00 ]»

(12)

We define the sequence y = (y;) by the A?— transform
of the sequence x = (x;) as

3y 3
yk=(Afx)k=zf+1( )

(13)

1
=Xp — Exk—l T Xpp — Zxk—y

for all k € N. The generalized difference matrix A; of order
three is a triangle; then, it is invertable and the inverse is
unique. Therefore, we obtain by considering the relation
between the terms of x = (x;) and y = (y,) (13), and
Xg>X_1>X_y, ... are zero terms that

-1 3 1
Xk :(A?) Y=Yt Yk T Vk2 + 2k (14)

where (Af)_1 = B = (b,) is defined by

1 00 0 0 O

3
100 0 0
2
5 3
210 0 0
4 2
5 5 3
b=l = 2 210 0 15
nk 8 4 2 (15)
1 5 5 3
— 2 2 2 10
16 8 4 2
71553
3216 8 4 2

Theorem 1. The sequence spaces €,(A}) and bv(A]) are
BK-spaces with respect to the norm:

3
Il (a) = X |(87),
k=0
N = Y(ax), - (a2 ,
el (a2) |x0|+k;'( lx)k ( 1x)k—1| (16)
or
el (o) = (A7), = (87%),.,. |
k=1

respectively.

Proof. Since £, and bv are BK-spaces and A} is a triangle
matrix, we obtain from the Theorem 4.3.2 of Wilansky (p. 61
of [1]) that ¢, (Af) and bv(Af) are also BK-spaces. O

Relation (14) between the terms of the sequences x =
(x¢) and y = (y,) is given by the following calculation:

Y1=X =X =)

3
= —— = +_
Y2 =% 2x1 =X =) 2)’1

3 3 5
y3=x3—§x2+x1=>x3=y3+§y2+1y1

3 1 -
(Afx)k = Yk = Xk T 5%k T Xy — 2k = (A?) lyk

3 1
=Vt Yk T V2 T ks
(17)
Thus, the following equation which was derived from
(17) is given by
3 1
/13—5/\2+/\—Z=0=»4/\3—6/\2+4A—1=0, (18)

and we calculate roots of equation (18) as one real and two
complex as follows:
1 1 1 1 1

)lei,)L2=E+iEand)t3=§—i£- (19)

Then, we have the following simple calculations by
random three roots A;,1,, and A; of equation (18):

3

M+ +A; = > (20)
1
MAAs = 7 (21)

Ay + h + A, = 1, (22)



3 1
Af—i)tfml—fo, (23)
2 2 3
A +A - 3 (MA) +AA +1 =0, (24)

A5+ A5+ A0, + A0, + A,
3 (25)
-5 A+, +A5)+1=0,

)\1+/\2+A3—§:0. (26)

Theorem 2. The sequence space £, (A?) is linearly isomorphic
to the sequence spaces €, i.e., £ (A}) = ¢,.

]:0 =0 v=0

i .
k—j-i-v=3yvqi
Z Al ! 3A2A13y]

]
|:Z k]1v3 VAI<A3 ;/1§+/13
" A’;ﬂ'()@ A2 A, 4 A0, + A0
+ [yH(Af A2 A 4 A, 4 A,
=i

forall k € N. Thus, Tx = y,forall x = (x;) € ¢, (A?); then, T
is surjective. Moreover, for every x = (x;) € ¢, (A;), we have

lxlle, a2y = 2 (A7%), | = D el =yl (29)
k=0 k=0

Hence, x is an element of ¢, (Af), and clearly, T is
surjective and preserves the norm. Therefore, ¢, (A]) = ¢,. It
completes the proof. O

Theorem 3. The sequence space bv(A?) is linearly isomor-
phic to the sequence space b, i.e., bv(A]) = by.

Proof. Suppose that the transformation T is defined from
the space bv(A]) onto bv as T:bv(A}) — bv by
x —> y = Tx = A}x. The linearity of T is clear. Moreover,
since Tx = 0 gives x; = 0, for all k € N, the rest of the proof
can be followed by equation (28) in the proof of Theorem 2,

1 . )
_Z> LA ’(Af N

2 et ah) 1)y (A Ay
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Proof. Suppose that the transformation T defined from the
space £, (A)) onto & as T:¢(A))— ¢ by
x — y = Tx = Alx. The linearity of T is clear. Moreover,
since Tx = 0 gives x; = 0, for all k e N.

Let us take y € £, and consider the sequence x = (x)
with respect to relation (14) as

k k—jk—j-i

=y Y Y NNy, (27)

j=0i=0 v=0

for every k € N. By considering equations (23)-(26), we have
the following A} transform of the sequence x as

2 k—j-i-2

—i . ks . ;
SRR S IR 1 TR H

3 (28)
-2 (hh) + iy + 1)

3
573 (A +thn+gAy) + 1)“)/]-

-3)+n]

and thus, Tx =y, for all x = (x;) € bv(A}); then, T is
surjective. Moreover, for every x = (x;) € bv(A}), we have

¢l () = o] + Z] (a}x), - (a}x), |

(30)

:|y0| + Zb’k - )’k71| =yl
k=1

Hence, x is an element of bv(Af), and clearly, T is
surjective and preserves the norm. Therefore, bv (Af) =by. It
completes the proof. O

Theorem 4. The inclusion ¢, (Af) C bv(Af‘) strictly holds.

Proof. Suppose that x € £, (A}), then y = Alx € £,. Since
¢, C by, then y = A’x € bv and it says x € bv(A}) and it
shows the inclusion ¢, (A}) ¢ bv(A?)) holds. To show that
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the inclusion ¢, (A?) C bv(Af ) is strict, let us define
(x)=e=(1,1,...). Then, clearly, xe¢ bv(A?), but
x ¢t (A?), since Af’xk — 1/4-»0 as (k — co). This
completes the proof. O

Lemma 1. The matrix A = (a,;) is a bounded linear oper-
ator, A € B(¢,), from ¢, to itself, if and only if the supremum
of €, norms of the columns of A is bounded, i.e.,

[ee]
sup Z || < 00. (31)

keN p=1

Theorem 5. A}: £, — ¢, is a bounded linear operator.

Proof. The linearity is clear. We should show that A} € B(¢,)
which means that A} satisfies the conditions of Lemma 1
with §,; instead of a,,, that is,

15
18] ey = ()

This completes the proof. O

Lemma 2. The matrix A = (a,;) is a bounded linear oper-
ator, A € B(bv), from by to itself, if and only if

o0 | 6O
sup Z (ani - an,l)i) < 00. (33)
k  n=0|i=k

Theorem 6. A’: bv — by is a bounded linear operator.

Proof. The linearity is clear. We should show that
A; € B(bv) which means that A; satisfies the conditions of
Lemma 2 with §,;, instead of a,;, that is,

”A13 " (bv:bv) = SUP Z Z(ani - (Sn—l,i) =— (34)
k  n=0|i=k
This completes the proof. O

Theorem 7. ¢, = £, (A).

Proof. Since the operator A} is a bounded and linear op-
erator on the sequence space £; by Theorem 5, A} € (¢,,¢,) if
and only if condition (31) is satisfied. Moreover, Alx € £,
for every x € ¢,. This shows that the inclusion ¢, C £, (A})
holds.

Moreover, the matrix B = (b,;.), the inverse matrix of A?,
which can be reduced from the inverse matrix B = (b,;) in

the Theorem 2 of [2] by only choosing A = 0. Then, we write
the following to calculate (A?)’1 € (£,;¢,). Therefore, the
operator (A?)™" has the following equation and the following
calculations of its roots:

—1 3 1
(&)) ye =y + 2k = Via t Yk (35)

where (Af)_1 = B = (b,) is defined by
1 00 0 0 O

3
1.0 0 0 0
2
5 3
21000
4 2
5 5 3
b=l = 2210 0 - | 36
nk 8 4 2 (36)
1 5 5 3
— 2 2 21 0
16 8 4 2
7 553
3216 8 4 2

The notation (A%)™'y, = y; +3/2y, — Vip + 14y,
gives us the following equation as

3 1
w3+5w2—w+z=0$4w3+6w2—4w+1=0. (37)

Then, one real and two complex roots of equation (37)
are

y __1_1(336—\/W+ 7 )
1~ 2 2 3’2/3 33(36—@) >
w __l+l((1+i\/§)\3/36—\/ﬁ+ 7(1-iv/3) )
27777y 32/3 m >
w __l+l<(1—i\/§)\3/36—\/ﬁ+ 7(1+iv/3) )
3T 24 3%/3 /3 (36 - 267) /)

(38)

Then, we have the following simple calculations by
random three roots w,, w,, and w; of equation (37):
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3
wy Wy tws =,

1
W w,w; = s

ww, + Wow; + wyw; = -1,

3.3 2 1
w] +-w; —w; +-=0,
2 4
w2+w2+§(w +w,) +ww,—1=0
1t Wy o (W + W 1wy —1 =0 (39)

2, 2, 2 3
W+ Wy + Wy + Wiy + Wy + wyws + o

(w, +w, +w;) -1 =0,

w1+w2+w3+E:0,

for all n,k € N. We can show that Be (¢,,¢,), and if
x et (Af), then y = Afx €¢, and x = (A?)’ly =Byed,.
Thus, we can say that ¢ (A7) c £,. This completes the
proof. O

Theorem 8. bv = bv(Af‘).

Proof. Since the proof can be done similarly as in the proof
of Theorem 7, we omit it. O

Theorem 9. Let o) = (A?x)k: forallk € N and y =
Define the sequence {u®} =
©(A?) as follows:

{e,, bv}.
{ulP} .\ in the sequence space

k k—jk-j-i
k —
Z Z w; T wiw;, 0<k<n,
by =1 j=0i=0 v=0

0, k>n,

k k—jk-j-i
k-
DY NS 0<ksn,
=17 j=0i=0 v=0 (40)

0, k>n,

for every fixed k € N. Then, {u®} = {u®} . is a basis for
u(AY), and there is a unique representation of x € u(A;) as

_ (k)
X = Zaku . (41)
k

Proof. Since the proof can be done similarly for both se-
quence space, we consider to prove for the sequence space ¢,.
First, we need to show that {u(k)} € £, (A}), and it is enough
to show Afu(k) € h, for all k € N. To show this
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3 e _ 1 (o
Ay = 00 3 G e L es)
! 2 4
k—j k—j—i L 3 k-1 k—j-1 k—j—i-1 P )
_ —j—i-v i —j=i-v-1yvqi
_Z ZA “_EZZ Z/\l AN,
j=01i=0 v=0 j=0 i=0  v=0
k-2 k—j-2 k—j-i-2 k 3 k—j-3 k—j-i-3 o )
£y DI b0 L z Y oy AN
j=0 =0  v=0 ] 0 =0  v=0 (42)
= i k—j—i—v-3 3 2 k—j-if 42 2 3
-y Z Z A - AW(A 2, - >+m i (A AZ——(A1+A2)+A1A2+1>
2
j=0L i= v=0
k=12 42,12 3
+A37( M +)L2+)L3+)L1A2+)L2/13+A1/\3—E(A1 +A,+A5)+1
2 42,42 3 3
+[<)L1 AT A Ay Ay = (A Ay ) + 1>+<A1 +)L2+)L3—E>+ 1] -1,
for every k € N. Then, clearly, one can see that A’u® = Proof. Let us define T:{¢,(A})}" — ¢,  with
ek € ¢, and then u® ¢ ¢, (Af). T(f) = f(u(k)) which is a surjective linear map, and T is

Let us take a sequence x € ¢; (A}). Then, we obtain the
following representation for every nonnegative integer m as

m
= Z au®
k

Then, the following holds by taking the A transform of
(43) that

(43)

ZockA3 - Z(Afx)kek, (44)
k
and from (44), we have
0 0<n<m
30 mly] _ ) snsm,
{Ai(x x )}"_{(A?x)n, I (45)

Therefore, for every given € > 0, there exists an integer
such that

n;J(Ai x), < (46)

for all m >m,. Hence,
Hx _xm "81 e Z '(Afx)n' < :Z |(Afx)n| <§, (47)
for all m>my. This proves that x € ¢, (A;). |

3. Dual Spaces of the Sequence Spaces ¢, (A?)
and bv (Af)

We begin this section by calculating the algebraic dual space
of ¢, (Ai3 ) and bv(Ai3 ), respectively.

Theorem 10. The algebraic dual {£,(A})}" of the space
2, (A}) is the sequence space £,

injective since u® is a basis for £, (A?). Let f € {¢; (Af)}*,
and since x € ¢, (Af), we can write

flx) = f<k§(Aka)u“‘)> - E(A?xk)f(u(k)).

Then, we have

f<§(Ai3xk)”(k)>|

k=0

(48)

|f ()| =

o0

=12 (8% (™)

k=0

< ot

< sup| ()] 2H870)] =IT Nl oy
k=0

k>1
(49)
Thus, [ <IT ()l
Moreover, since |f (u®)|<|flllu®] =[£I, for every
k€N, then |IT(f)llo = suppol f (™)) = If]l. Therefore,
LA = 1T (Dl N

Theorem 11. The algebraic dual {bv(A})}" of the space
bv(A) is the sequence space €,

Proof. Since the proof can be followed similarly as in
Theorem 10, we omit the repetition. O

Now, we start with the following lemma which is needed
in proving our theorems. Here and after, we denote the
collection of all finite subsets of N by %



Lemma 3 (see [9]). Let A = (a,;) be an infinite matrix over
the complex field. Then, the following statements hold:

(i) A e (¢: L) if and only if

Suplankl < Q. (50)

n,keN
(i) A e (¢: ¢)) if and only if

sup2|ank|<oo. (51)

keN

(iii) A € (¢;: ¢) if and only if (50) holds, and

Ja, € Csuchthat lim a,; = g,

n—=aoo

forallk € N.  (52)
(iv) A € (c: ¢)) if and only if

sup Z Z Ak

FeNfinite 4 (ke

< 00. (53)

Lemma 4 (see [9]). Let A = (a,;) be an infinite matrix over
the complex field. Then, the following statements hold:

(i) A e (bv: &) if and only if

sup Z Z Ak

leN "5 k=1

< 00. (54)

(ii)) A € (bv: bs) if and only if

5 Y a

n=0 k=1

sup < 00. (55)

m,leN

(iii) A € (bv: cs) if and only if (55) holds, and

Z a,; converges foreach k € N, (56)
Z Z a converges. (57)
n k
(iv) A € (bv: bv) if and only if
sup Z Z(am- a, 1,) < 00. (58)
k  n=0|i=k

j-k
n,keN 0

i=0 v=0

d, <|a—(ak)€w sup Z
j=k

n

j—k
L)
0

j=k i=

Jj=

d3:{a:(ak)ew:

v=0

jk—i
Z /\]kzv/l]/va

—k—i
/V ki V)U)Ua exists foreachk = 1,2,3, ...
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(v) A e (bv: £) if and only if

> a

i=k

sup < 00. (59)

n,keN

(vi) A € (bv: ¢) if and only if (57) and (59) hold and
Ae €c. (60)

.

(61)

Theorem 12. Let the set d, be defined as

k
d, = {a—(ak €w: supzz Z]: k]”/lj)tlak

JeN k=0]j=0 i=0 v=0

_]k

Then, {€, (A})}" =

Proof. Let the sequence a = (a;) be in w. By relation (27), we
have the following equality:
k k—jk—j-i iy i
agx; = Z Z Z NV ay; = (Ay) (62)

j=0i=0 v=0

where the matrix A =
(a,) as

(akj) is defined via the sequence a =

k k—jk-j-i

Y3 Y AT A a, 1<j<k,
k]_ j=01i=0 v=0 (63)
0

) j>k

Now, clearly, we can say that ax = (a;x;) € ¢, whenever
x=(x) € (A) if and only if Aye ¢, whenever
y = (yi) € £,. Therefore, A € (¢,;¢,) and the condition of
Lemma 3 (ii) holds, that is,

L Lo e
sup Z Z Z Z ki]il*v)xé/\;ak <0o0. (64)
JeN k=0[j=0i=0 v=0
It completes the proof. O

Theorem 13. {¢, (A?)}ﬁ

< oo]> (65)
}. (66)

=d, Nd,, where
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Proof. Suppose that a = (a;) € w. Then, let us consider the
following equality:
n n k k—jk-j-i
Zakxk—z kz Z )llfj - VA]/V
k=0 k=0 j=0i=0 v=0
(67)
n n j-k j-k—i e
222 X AT = (B,
j=k i=0 v=0
for every n € N, where we define the matrix B = (b,;) as Theorem 15. Let the set S, be defined as
n_ jok j-k-i e ooookk*jk*j*ikﬁ )
—i—v —i—v i
ZZ Z)t] A]A; a; 1<k<n, (68) = (a;) € w: slggzzz Z MM a < oo ¢
j=k i=0 v=0 n=1|k=l j=0i=0 v=0
0, k>n, (71)

for all k, n € N. By the definition f— dual of a sequence space,
we can say that ax = (a;x;) €cs  wherever
x = (x) €4 (A?) if and only if Byec wherever

= (yi) € ¢,. Thus, Be€ (£;¢), and the conditions of
Lemma 3 (iii) hold. That is,

n jk jk-i
sup Z Z Z /ka*iiv/\g)téaj
=k i=0

n,keN

v=0
n j-k j—k-i
<00 hm Z z /1] ki V/V)L’a existsforeachk = 1,2,3,.
] k i=0 v=0
(69)
It completes the proof. O

Theorem 14. The gamma-dual {€,(A})} of the sequence
space €, (A}) is the set d,.

Proof. The proof can be easily done by considering the
similar path in the proof of Theorem 13. We only state here
that ax = (a;x;) € bs wherever x = (x}) € EI(A;”) if and
only if By € €., wherever y = (y;) € ¢,. Thus, B € (£;;¢,,),
and the condition of the Lemma 3 (i) holds. That is,

n _ k . . . .
sup ZZ Z /V_k_l_v)té)tgaj < 00. (70)
nkeNfi—k i=0 v=0
It completes the proof. O

sz={a (a) € w: z;i

n

{ (a) € w: sup z
n,veN

k=v

j=k i=0 v=0

j—k j—k—i
Z/szvl]/lza

n
j=k i=

Then, {bv(A3)}* =S,.

Proof. Letthe sequencea = (a;) be in w. By relation (27), we
have the following equality:
k k—jk—j—i R
apx; = Z Z Z M7V = (Ay)e (72)

j=0i=0 v=0

where the matrix A = (a, j) is defined via the sequence a =
(ay) as
k k—jk—j-i
Y2 > N Mha, 1<jsk,
agj = j=0i=0 v=0 (73)
0, j>k

Now, clearly, we can say that ax = (a;x;) € ¢, whenever
x = (x;) € bv(Af) if and only if Ay e ¢, whenever
y = (yi) € bv. Therefore, A € (bv;¢,) and the condition of
Lemma 4 (i) holds, that is,

o |0 k k—jk—j-i i o
sup Z Z Z Z Z AT e < oo (74)
leN p=1]k=l j=0 i=0 v=0
It completes the proof. O

Theorem 16. {bv(Af)}ﬁ =$,Nn8;NS,, where

j—k j—k—i
Jok=i—=vyjqi
M AAsa; converges ¢,

8

v=0



10

n j—k j—k-i

S, {a—(ak) €w: lim ZZ Z AR VA]A’a exists foreachk = 1,2,3, ...

]kzO v=0

Proof. Suppose that a = (a;) € w. Then, let us consider the
following equality:

n n k k—jk-j-i
REIPXINI)
k=0 k=0 j=0i=0 v=0
j=k i=0 v=0
for every n € N, where we define the matrix B = (b,;) as
n jkj-k-i
YN MM, 1sksn,
by =9 %= =0 (77)
0, k>n,

for all k, n € N. By the definition f— dual of a sequence space,
we can say that ax= (aix;) €cs  wherever
x=(x;) € bv(Af) if and only if Byec wherever
y = (y) €bv. Thus, Be (bv;c) and the conditions of
Lemma 4 (vi) hold. That is,

n ik jk-

.
ST ES Y A comerges
j=k i=0

n j j=ki=0 v=0

m n j-kj-k-i

sup Z Z z Z Z A{_k_i_vlélgaj

mneN "y k=0 j=k i=0 v=0

n jok jok=i

<00, lim ZZ Z /V kei= V)L]/Va exists foreachk = 1,2, 3,.
nﬂoo] =k i=0 v=0
(78)
It completes the proof. O

Theorem 17. The gamma-dual {bv(A})}" of the sequence
space {bv(A?)} is the set Ss.

Proof. The proof can be easily done by considering the
similar path in the proof of Theorem 16. We only state
here that ax = (a;x;) € bs wherever x = (x;) € bv(Af) if
and only if By e ¢, wherever y= (y,) €bv. Thus,
B e (bv; £,,) and the condition of Lemma 4 (v) holds. That
is,

/V S MNa;| < oo (79)

It completes the proof. O

/\k J—i— V)L]Al

Journal of Mathematics

}. (75)

3 J?
(76)

/\{ A, )yk = (By),,

4. Matrix Transformationson £, (A’) and bv (A?)

In this section, we characterize the matrix classes (A (Ai3 )HD)
and (;1(A?Y)), where A € {¢,,bv} and y represents any
sequence space. Throughout this section, we define the

following matrices E = (e,;) and D = (d,;) as
oo j—k j—k—i L
ew =2 2 M bk,
j=k i=0 v=0 (80)
1
dnk = Guk = 500k T Anak ~ Zan—3,k’

for all k,n e N.

Theorem 18. The infinite matrix A € ()L(A?); w) if and only
if
A, e A, (81)

E € (A;p). (82)

Proof. Suppose that A € (A(A}); u). Then, Ax exists and is
in the sequence space y for every arbitrary sequence
x = (x;) € A(A?), that is, y= A?x € A. Then, clearly
At ren € A (A7 )}ﬁ holds. Since Ax exists for every arbitrary
sequence Xx = (xk)eA(Af), we consider the following
equality derived from the m'™ partial sum of the series

kA X

m m k k—jk-j-i
Zankxk = Z%k(Z Z Ak s VAJAaJ’;)
k=0 k=0 j=0i=0 v=0
m m k—] k—] 1 (83)
- Z(Z 3 AT MNa >yk.
k=0 \ j=k i=0 v=0

Thus, by letting m — 00 in equality (83), we can see
that
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Zk:ankxk = ;enkyk’ (84)

for every n € N. Therefore, Ax = Ey, for every y € A, that is,
E e (A p).

Conversely, assume that conditions (81) and (82) hold
and suppose that x = (x;) € A(A]). We can clearly say by
(81) that Ax exists, and since the sequence spaces A (Ai3 ) and
h are isomorphic, then we have Ajx = y € h. We should
show that Ax € y for every x = (x;) € A(A}). It can be easily
seen by applying equation (83) that Ax = Ey, and since (82)
holds, we can state here that A € (A (Ai3 ); ) which complete
the proof. O

Corollary 1. The following statements hold for the infinite
matrix A = (a,):
(i) Ae (¢ (A?);EOO) if and only if (50) holds with e,
instead of a,;
(ii) A € (£,(A));€,) if and only if (51) holds with e,
instead of a,;
(iii) A € (€, (A});c) ifand only if (50) and (52) hold with
e, instead of a,;

Corollary 2. The following statements hold for the infinite
matrix A = (a,):
(i) Ae (bv(A?);EI) if and only if (54) holds with e,
instead of a,;
(ii) A € (bv(A?);bs) if and only if (55) holds with e,
instead of a,;
(iii) A € (bv(A?);cs) if and only if (55)-(57) hold with
e, instead of a,
(iv) A e (bv(A?);bv) if and only if (58) holds with e,
instead of a,
(v) Ae (bv(A?);foo) if and only if (59) holds with e,
instead of a,
(vi) A e (bv(A;”);c) if and only if (57), (59), and (60)
hold with e, instead of a,;

Lemma 5 (see Corollary 5 of [3]). The infinite matrix A =
(a,i) € (bv;h) if and only if

m
Jim 3. =0, (55)
o0 m
sup Z n Z(ank - aml’k) <00, (86)
keN =1 |k=1
Ae € h. (87)

Lemma 6 (see Theorem 4.15 of [3]). We have A € (¢, h) if
and only if holds and

11
llm ank = 0, (k = 1; 23 .. ~)) (88)
n—aoo
(e8]
Al (¢,h) = SUP Z nlank - anﬂ)kl < 00. (89)
k n=1

Corollary 3. The following statements hold for the infinite
matrix A = (a,).

(i) Ae (bv(Af),h) if and only if the conditions in
(85)-(87) hold with e, instead of a,;

(ii) A e (¢ (A?), h) if and only if the conditions in (88)
and (89) hold with e, instead of a,;

Theorem 19. The infinite matrix A € (u;A(A?)) if and only
if
De (). (90)

Proof. Suppose that A € (u;1(A?)). Then, Ax exists, and it
is in )L(A?), that is, A? (Ax) € A. Then, we observe the fol-
lowing equality that

{87 (Ax)}, = (Ax), - ;(Ax),H +(Ax),_, - i(Ax)n,3

3 1
= Z(%k ~ %1k T a0k~ Zan—ik)xk (1)
k

= (Dx),,.

Thus, it shows Dx € A, for every x € y, i.e,, D € (y; 7).
This completes the proof. O

Corollary 4. The following statements hold for the infinite
matrix A = (a,).

(i) Ae (¢,¢ (Af)) if and only if (51) holds with d,;
instead of a,,

(ii) A € (¢ ¢ (Af)) if and only if (53) holds with d,
instead of a,,

(iii) A € (bv, bv(A?)) if and only if (58) holds with d,;,
instead of a,,

Lemma 7 (see [10]). The infinite matrix A € (h: ¢,) if and
only if

o0
Z |ank|c0nverges, (k=1,2,...), (92)
n=1
1 o0 m
sup — Z Z Al < 00. (93)
m M Sk

Lemma 8 (see Theorem 4.3 of [3]). The infinite matrix A =
(a,) € (h;bv) if and only if
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m

Z(ank - an—l,k)

k=1

sup i z < 00. (94)

meN M n

Corollary 5. The following statements hold for the infinite
matrix A = (a,):

(i) Ae (h¢ (A?)) if and only if the conditions in (92)
and (93) hold with d, instead of a,

(ii) A € (h, bv(AiS)) if and only if the condition in (94)
holds with d,; instead of a,,

5. Conclusion

The difference operator and generalized difference operator
of several orders were studied by several distinguished
mathematicians (see [11-26]) as a matrix domain on several
sequence spaces. The generalized difference operator A} of
order three was defined and the spectrum of A} on the Hahn
sequence space h calculated by Malkowsky et al. [7]. Then,
the matrix domain of A] in Hahn sequence space h was
calculated by Tug et al. [8].

In this research paper, we calculated the generalized
difference operator A? of order three domain in the sequence
spaces £, and bv. Then, we stated some topological properties
of ¢, (Af) and bv(Af), and we showed some inclusion re-
lations. Moreover, we calculated the algebraic dual, a—, f—,
and y— dual spaces of ¢ (Af) and bv(A?). Finally, we
characterized the matrix classes (y(Af’): A) and (A: y(Af)),
where p = {€,,bv} and A = {c, ¢y, €}, &, bs, cs, by}, and we
conclude the paper with some important results.

As anatural continuation of this paper, the fine spectrum
and its subdivisions of the operator A} over the sequence
spaces £, and bv can be calculated. Moreover, the matrix
domain of A} on the generalized Hahn sequence spaces h,
which was defined and studied by Malkowsky et al. [27] can
also be calculated.
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