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Abstract: In this paper, we define some new almost and strongly almost convergent double sequence spaces B̃(C f ),
B̃(C f0), B̃[C f ] and B̃[C f0 ] derived by the domain of four-dimensional sequential band matrix B(r̃, s̃, t̃, ũ) in the spaces
C f , C f0 , [C f ] and [C f0 ], respectively. Then we study some topological properties and prove some strict inclusion
relations. Moreover, we calculate the α−,βbp− and γ−duals of the new spaces. Finally, we state some known lemmas
concerning the four-dimensional matrix classes of almost convergent double sequences, then we characterize some
new four-dimensional matrix transformations from and into the new sequence spaces B̃(C f ) and B̃[C f ]. We conclude
the paper with several significant results.

Keywords: Four-dimensional band matrix; matrix domain; almost convergence; double sequences; dual spaces; ma-
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1. Introduction and Preliminaries

By the set Ω := {x = (xmn) : xmn ∈ C, ∀m,n ∈ N}, we denote all complex valued double sequences,
where C is the complex field. Ω is a vector space with coordinatewise addition and scalar multiplica-
tion. Any vector subspace of Ω is called a double sequence space. Mu, Cp, Cbp, Cr, and Lq denote
the classical spaces of all double sequences that are bounded, convergent in the Pringsheim sense,
convergent in the Pringsheim sense and bounded, regular convergent, and q-absolutely summable, re-
spectively, where 0 < q < ∞. It is well known that the space Lq becomes the space Lu in the case
q = 1. Moreover, by BS , C S ϑ , where ϑ = {p,bp,r}, we denote all bounded and ϑ -convergent
series, respectively.
Let E be any double sequence space. Then,

Eβ (ϑ) :=
{

a = (akl) ∈Ω : {aklxkl} ∈ C S ϑ , for every x = (xkl) ∈ E
}
,

Eα :=
{

a = (akl) ∈Ω : {aklxkl} ∈Lu, for every x = (xkl) ∈ E
}
,

Eγ :=
{

a = (akl) ∈Ω : {aklxkl} ∈BS , for every x = (xkl) ∈ E
}
.
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Therefore, let E1 and E2 are arbitrary double sequences with E2 ⊂ E1 then the inclusions Eα
1 ⊂ Eα

2 ,
Eγ

1 ⊂ Eα
1 and Eβ (ϑ)

1 ⊂ Eα
1 hold. But the inclusion Eγ

1 ⊂ Eβ (ϑ)
1 does not hold, since Cp \Mu is not

empty.

Let A = (amnkl)m,n,k,l∈N be an infinite four–dimensional matrix and E1, E2 ∈Ω. We write

ymn = Amn(x) = ϑ −∑
k,l

amnkxkl for each m,n ∈ N. (1)

We say that A defines a matrix transformation from E1 to E2 if

A(x) = (Amn(x))m,n ∈ E2 for all x ∈ E1. (2)

The ϑ−summability domain E(ϑ)
A of a four-dimensional infinite matrix A in a double sequence space

E is defined by

E(ϑ)
A =

x = (xkl) ∈Ω : Ax =

(
ϑ −∑

k,l
amnklxkl

)
m,n∈N

exists and is in E

 ,

which is a sequence space. The above notation (2) says that A = (amnkl)m,n,k,l∈N maps the space E1 into
the space E2 if E1 ⊂ (E2)

(ϑ)
A and we denote the set of all four-dimensional matrices that map the space

E1 into the space E2 by (E1 : E2). Thus, A ∈ (E1 : E2) if and only if the double series on the right side
of (2) ϑ−converges for each m,n ∈ N, i.e, Amn ∈ (E1)

β (ϑ) for all m,n ∈ N and we have Ax ∈ E2 for all
x ∈ E1.

Adams (1933) defined that the four-dimensional infinite matrix A = (amnkl) is a triangular matrix if
amnkl = 0 for k > m or l > n or both. We also say by Adams (1933) that a triangular matrix A = (amnkl)

is called a triangle if amnmn 6= 0 for all m,n ∈ N. One can be observed easily that if A is triangle, then
E(ϑ)

A and E are linearly isomorphic.

The concept of almost convergence for single sequence introduced by Lorentz (1948) and then Moricz
and Rhoades (1988) extended the idea of almost convergence for double sequence. He stated that a
double sequence x = (xkl) of complex numbers is called almost convergent to a generalized limit L if

p− lim
q,q′→∞

sup
m,n>0

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

xkl−L

∣∣∣∣∣= 0.

In this case, L is called the f2−limit of the double sequence x. Then Başarir (1995) defined the concept
of strongly almost convergence of double sequences. A double sequence x = (xkl) of real numbers is
said to be strongly almost convergent to a limit L1 if

p− lim
q,q′→∞

sup
m,n>0

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|xkl−L1|= 0.

and it is uniform in m,n∈N. Now we may define the set of all almost convergent, almost null, strongly
almost convergent and strongly almost null double sequences, respectively, as follow;

C f :={
x = (xkl) ∈Ω : ∃L ∈ C 3 p− limq,q′→∞ supm,n>0

∣∣∣ 1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n xkl−L

∣∣∣= 0,

uniformly in m,n ∈ N for some L

}
,
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C f0 :={
x = (xkl) ∈Ω : ∃L ∈ C 3 p− limq,q′→∞ supm,n>0

∣∣∣ 1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n xkl

∣∣∣= 0,

uniformly in m,n ∈ N

}
,

[C f ] :={
x = (xkl) ∈Ω : ∃L ∈ C 3 p− limq,q′→∞ supm,n>0

1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n |xkl−L1|= 0,

uniformly in m,n ∈ N for some L1

}
,

[C f0 ] :={
x = (xkl) ∈Ω : ∃L ∈ C 3 p− limq,q′→∞ supm,n>0

1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n |xkl|= 0,

uniformly in m,n ∈ N

}
,

Here we can say for this case that L1 is called [ f2]−limit of a double sequence x = (xkl) and written
shortly as [ f2]− limx = L1.
Here we state some geometrical and topological properties of these sets. Unlike single sequence con-
vergent double sequence need not be almost convergent. But it is well known that every bounded
convergent double sequence is also almost convergent and every almost convergent double sequence is
bounded. That is, the inclusions Cbp ⊂ C f ⊂Mu strictly hold. Since the following inequality

sup
m,n>0

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

xkl−L

∣∣∣∣∣≤ sup
m,n>0

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|xkl−L| .

holds, we can easily say that if a double sequence is strongly almost convergent, that is, the right hand
side of the above inequality approaches to zero if we pass to limit as q,q′→ ∞, then the left hand side
of the inequality also tends to zero. It says that the inclusion [C f ]⊂ C f holds and it easily can be seen
that the double sequence xkl = (−1)l , for all k ∈ N, is in C f \ [C f ]. So the inclusion is strictly hold.
Now, we can mention here that the inclusions Cbp ⊂ [C f0 ] ⊂ [C f ] ⊂ C f0 ⊂ C f ⊂Mu are strictly hold
and each inclusion is proper.
Furthermore, the sets C f and C f0 are Banach spaces with the norm

‖x‖C f = sup
q,q′,m,n∈N

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

xkl

∣∣∣∣∣ .
and the sets [C f ] and [C f0 ] are Banach spaces with the norm

‖x‖[C f ] = sup
q,q′,m,n∈N

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|xkl| .

The four-dimensional sequential band matrix B(r̃, s̃, t̃, ũ) = {bmnkl(r̃, s̃, t̃, ũ)} was defined and studied
by Tuğ, Rakočević, and Malkowsky (2020) as follows; let r̃ = (rm)

∞
m=0, s̃ = (sm)

∞
m=0, t̃ = (tn)∞

n=0, and
ũ = (un)

∞
n=0 be given sequences of real numbers in the set c\ c0. Then,

bmnkl(r̃, s̃, t̃, ũ) :=


rmtn , (k, l) = (m,n),
rmun , (k, l) = (m,n−1),
smtn , (k, l) = (m−1,n),
smun , (k, l) = (m−1,n−1),

0 , elsewhere,

for all m,n,k, l ∈ N. Therefore, the four-dimensional sequential band matrix B(r̃, s̃, t̃, ũ)-transforms a
double sequence x = (xmn) into the double sequence y = (ymn) as follow;

ymn := {B(r̃, s̃, t̃, ũ)x}mn = ∑
k,l

bmnkl(r̃, s̃, t̃, ũ)xkl (3)

= sm−1un−1xm−1,n−1 + sm−1tnxm−1,n + rmun−1xm,n−1 + rmtnxmn
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for all m,n ∈ N. With respect to the above equation in (3), Tuğ et al. (2020) calculated the inverse
B−1(r̃, s̃, t̃, ũ) = F(r̃, s̃, t̃, ũ) = { fmnkl(r̃, s̃, t̃, ũ)} of B(r̃, s̃, t̃, ũ) which is defined by

fmnkl(r̃, s̃, t̃, ũ) :=

{
1

rmtn ∏
m−1
i=k ∏

n−1
j=l (

−si
ri
)(
−u j
t j
) , 0≤ k ≤ m, 0≤ l ≤ n,

0 , elsewhere,
(4)

for all m,n,k, l ∈ N. Thus, by considering the matrix B(r̃, s̃, t̃, ũ) and its inverse matrix F(r̃, s̃, t̃, ũ), and
keeping the relation between x = (xmn) and y = (ymn) in mind, we can observe the following;

xmn =
1

rmtn

m,n

∑
k,l=0

m−1

∏
i=m−k

n−1

∏
j=n−l

(
−si

ri

)(
−u j

t j

)
ym−k,n−l, for all m,n ∈ N. (5)

The double sequence spaces B̃(E), where E = {Cp,Mu,Cbp,Cr,Lq} and 1 ≤ q < ∞ were introduced
and studied by Tuğ et al. (2020).

Remark 0.1. Note that in the case sm = s, rm = r for all m ∈ N and tn = t, un = u for all n ∈ N, the
four-dimensional sequential band matrix B(r̃, s̃, t̃, ũ) is reduced to the four-dimensional generalized dif-
ference matrix B(r,s, t,u) which was defined by Tuğ and Başar (2016), and studied in Tuǧ (2017b),Tuğ
(2018),Tug (2018),Tuǧ (2021),Tuǧ (2017a),Tuğ (2017). Moreover, in the case sm = −rm = 1 for all
m ∈ N and tn = −un = −1 for all n ∈ N, the four-dimensional sequential band matrix B(r̃, s̃, t̃, ũ)
is reduced to the four-dimensional difference matrix ∆(1,−1,1,−1) (see Çapan and Başar (2019)).
Therefore, the results produced by domain of the matrix B(r̃, s̃, t̃, ũ) are more comprehensive than the
corresponding consequences of the matrix domain of the matrices B(r,s, t,u) and ∆(1,−1,1,−1).

2. The new spaces of almost and strongly almost convergent double sequences

In this section, we define spaces B̃(C f ), B̃(C f0), B̃[C f ] and B̃[C f0 ] whose four-dimensional sequential
band matrix B(r̃, s̃, t̃, ũ) domains are in the double sequence spaces C f , C f0 , [C f ] and [C f0 ], respectively.
Then we give some topological properties and prove some strict inclusion relations.
Now, we define the spaces B̃(C f ), B̃(C f0), B̃[C f ] and B̃[C f0 ] as follows;

B̃(C f ) :={
x = (xkl) ∈Ω : ∃L ∈ C 3 p− limq,q′→∞ supm,n>0

∣∣∣ 1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n (B̃x)kl−L

∣∣∣= 0,

uniformly in m,n ∈ N for some L

}
,

B̃(C f0) :={
x = (xkl) ∈Ω : ∃L ∈ C 3 p− limq,q′→∞ supm,n>0

∣∣∣ 1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n (B̃x)kl

∣∣∣= 0,

uniformly in m,n ∈ N

}
,

B̃[C f ] :={
x = (xkl) ∈Ω : ∃L ∈ C 3 p− limq,q′→∞ supm,n>0

1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n

∣∣∣(B̃x)kl−L
∣∣∣= 0,

uniformly in m,n ∈ N for some L1

}
,

B̃[C f0 ] :={
x = (xkl) ∈Ω : ∃L ∈ C 3 p− limq,q′→∞ supm,n>0

1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n

∣∣∣(B̃x)kl

∣∣∣= 0,

uniformly in m,n ∈ N,

}

where {B̃x}kl = sk−1ul−1xk−1,l−1 + sk−1tlxk−1,l + rkul−1xk,l−1 + rktlxkl .

Theorem 0.1. The double sequence spaces B̃(C f ), B̃(C f0), B̃[C f ] and B̃[C f0 ] are linearly isomorphic
to the spaces C f , C f0 , [C f ] and [C f0 ],respectively; that is, B̃(C f )∼= C f , B̃(C f0)

∼= C f0 , B̃[C f ]∼= [C f ] and
B̃[C f0 ]

∼= [C f0 ].
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Proof. Since the other cases can be proved similarly, we prove only B̃(C f ) ∼= C f . To prove this, we
need to show the existence of a linear bijection between the spaces B̃(C f ) and C f . Let us define the
transformation T from B̃(C f ) to C f by x 7→ T x = y = B(r̃, s̃, t̃, ũ)x. Linearity of T is clear. Moreover, it
can be seen that x = θ whenever T x = θ , which means that T is injective.
Let us suppose that an arbitrary y = (ykl) ∈ C f and define x = (xmn) via the sequence y by the relation
(5) for all m,n ∈ N. Therefore, we obtain by considering the qualities (3) and (5) that

{B(r̃, s̃, t̃, ũ)x}mn = sm−1un−1xm−1,n−1 + sm−1tnxm−1,n + rmun−1xm,n−1 + rmtnxmn

= sm−1un−1

(
1

rm−1tn−1

m−1

∑
k=0

n−1

∑
l=0

m−2

∏
i=m−k−1

n−2

∏
j=n−l−1

(
−si

ri

)(
−u j

t j

)
ym−k−1,n−l−1

)

+ sm−1tn

(
1

rm−1tn

m−1

∑
k=0

n

∑
l=0

m−2

∏
i=m−k−1

n−1

∏
j=n−l

(
−si

ri

)(
−u j

t j

)
ym−k−1,n−l

)

+ rmun−1

(
1

rmtn−1

m

∑
k=0

n−1

∑
l=0

m−1

∏
i=m−k

n−2

∏
j=n−l−1

(
−si

ri

)(
−u j

t j

)
ym−k,n−l−1

)

+ rmtn

(
1

rmtn

m

∑
k=0

n

∑
l=0

m−1

∏
i=m−k

n−1

∏
j=n−l

(
−si

ri

)(
−u j

t j

)
ym−k,n−l

)

=
m−1

∑
k=0

n−1

∑
l=0

(
sm−1un−1

rm−1tn−1

m−2

∏
i=m−k−1

n−2

∏
j=n−l−1

(
−si

ri

)(
−u j

t j

)
ym−k−1,n−l−1

+
sm−1tn
rm−1tn

m−2

∏
i=m−k−1

n−1

∏
j=n−l

(
−si

ri

)(
−u j

t j

)
ym−k−1,n−l

+
rmun−1

rmtn−1

m−1

∏
i=m−k

n−2

∏
j=n−l−1

(
−si

ri

)(
−u j

t j

)
ym−k,n−l−1

+
rmtn
rmtn

m−1

∏
i=m−k

n−1

∏
j=n−l

(
−si

ri

)(
−u j

t j

)
ym−k,n−l

)
+

m−1

∑
k=0

m−2

∏
i=m−k

n−1

∏
j=0

(
−si

ri

)(
−u j

t j

)
ym−k−1,0

+
n−1

∑
l=0

m−1

∏
i=0

n−2

∏
j=n−l

(
−si

ri

)(
−u j

t j

)
y0,n−l−1 +

n−1

∑
l=0

m−1

∏
i=0

n−1

∏
j=n−l

(
−si

ri

)(
−u j

t j

)
y0,n−l

+
m−1

∑
k=0

m−1

∏
i=0

n−1

∏
j=0

(
−si

ri

)(
−u j

t j

)
ym−k,0 +

m−1

∏
i=0

n−1

∏
j=0

(
−si

ri

)(
−u j

t j

)
y00

= ymn

for all m,n ∈ N. This equality leads us to the fact that

p− lim
q,q′→∞

sup
m,n>0

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

(B̃x)kl

∣∣∣∣∣= p− lim
q,q′→∞

sup
m,n>0

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

ykl

∣∣∣∣∣ .
This shows us that x = (xmn) ∈ B̃(C f ) since y = (ymn) lies in C f . Thus, T is surjective. Therefore, T is
a linear bijection between the spaces B̃(C f ) and C f . It completes the proof.

Theorem 0.2. The following inclusions strictly hold.

(i) C f ⊂ B̃(C f ).

(ii) C f0 ⊂ B̃(C f0).

(iii) [C f ]⊂ B̃[C f ].
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(iv) [C f0 ]⊂ B̃[C f0 ].

(v) B̃[C f ]⊂ B̃(C f ).

(vi) B̃[C f0 ]⊂ B̃(C f0).

Proof. (i− ii) : Suppose that x = (xkl) be a double sequence in the set C f such that

p− lim
q,q′→∞

sup
m,n>0

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

xkl

∣∣∣∣∣
exists uniformly in m,n ∈N. We need to show that the double sequence x = (xkl) is also in B̃(C f ), i.e.,
B̃x ∈ C f . Thus, we have∣∣∣∣∣ 1

(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

(Bx)kl

∣∣∣∣∣
=

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

(sk−1ul−1xk−1,l−1 + sk−1tlxk−1,l + rkul−1xk,l−1 + rktlxkl)

∣∣∣∣∣
≤

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

(sk−1ul−1xk−1,l−1)

∣∣∣∣∣+
∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

(sk−1tlxk−1,l)

∣∣∣∣∣
+

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

(rkul−1xk,l−1)

∣∣∣∣∣+
∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

(rktlxkl)

∣∣∣∣∣ .
Hence, if we pass p−limit by letting q,q′→ ∞, then

p− lim
q,q′→∞

sup
m,n>0

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

(B̃x)kl

∣∣∣∣∣ (6)

exists uniformly in m,n ∈ N which means that the inclusion C f ⊂ B̃(C f ) holds.
Now, we must show that the set B̃(C f )\C f is not empty. Let us define x = (xkl) by

xkl =
1

rktl

k−1

∏
i=0

l−1

∏
j=0

(
−si

ri

)(
−u j

t j

)
(7)

for all k, l ∈ N. Clearly x = (xkl) is not in C f . Furthermore,

(B̃x)kl = sk−1ul−1xk−1,l−1 + sk−1tlxk−1,l + rkul−1xk,l−1 + rktlxkl

= sk−1ul−1
1

rk−1tl−1

k−2

∏
i=0

l−2

∏
j=0

(
−si

ri

)(
−u j

t j

)
+ sk−1tl

1
rk−1tl

k−2

∏
i=0

l−1

∏
j=0

(
−si

ri

)(
−u j

t j

)

+ rkul−1
1

rktl−1

k−1

∏
i=0

l−2

∏
j=0

(
−si

ri

)(
−u j

t j

)
+ rktl

1
rktl

k−1

∏
i=0

l−1

∏
j=0

(
−si

ri

)(
−u j

t j

)
= 0.

that is, B̃x = 0 for every k, l ∈ N, which is in the space C f , i.e., x ∈ B̃(C f )\C f . This gives us that the
inclusion C f ⊂ B̃(C f ) is strict.
(iii− iv) : Similarly, let us assume that x = (xkl) be a double sequence in the space [C f ] such that

p− lim
q,q′→∞

sup
m,n>0

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|xkl|
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exists uniformly in m,n ∈ N. We must show here that the double sequence x = (xkl) is also in B̃[C f ],
i.e., B̃x ∈ [C f ]. Thus, we have

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|(Bx)kl|

=
1

(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|sk−1ul−1xk−1,l−1 + sk−1tlxk−1,l + rkul−1xk,l−1 + rktlxkl|

≤ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|sk−1ul−1xk−1,l−1|+

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|sk−1tlxk−1,l|

+
1

(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|rkul−1xk,l−1|+

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|rktlxkl|

≤ ‖s‖∞‖u‖∞

(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|xk−1,l−1|+

‖s‖∞‖t‖∞

(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|xk−1,l|

+
‖r‖∞‖u‖∞

(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|xk,l−1|+

‖r‖∞‖t‖∞

(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|xkl| .

Hence, if we pass p−limit by letting q,q′→ ∞, then

p− lim
q,q′→∞

sup
m,n>0

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

∣∣∣(B̃x)kl

∣∣∣ (8)

exists uniformly in m,n ∈ N. Thus, the inclusion [C f ]⊂ B̃[C f ] holds.
Now, to show that the set B̃[C f ] \ [C f ] is not empty, we may consider the double sequence x = (xkl)

defined as (7) such that B̃x = 0 which is also in the space [C f ], i.e., x ∈ B̃[C f ]\ [C f ]. This gives us that
the inclusion [C f ]⊂ B̃[C f ] is strict.
(v− vi) : The proofs can be proved easily since [C f ] ⊂ C f and [C f0 ] ⊂ C f0 and the double sequence
x = (xkl) defined as in (7) shows that the sets C f \ [C f ] and C f0 \ [C f0 ] are not empty. So, we omit the
details.

Theorem 0.3. The following statements hold.

(a) If supm sm
infm rm

< 1 for all m ∈ N and supn un
infn tn

< 1 for all n ∈ N. The spaces Mu and µ do not contain

each other where µ = {B̃[C f ], B̃[C f0 ]}.

(b) If supm sm
infm rm

< 1 for all m ∈ N and supn un
infn tn

< 1 for all n ∈ N. Then, the following inclusions B̃(C f )⊂
Mu and B̃(C f0)⊂Mu strictly hold.

Proof. (a) : To prove this claim, we must prove that the sets B̃[C f0 ]\Mu, Mu \ B̃[C f0 ] and B̃[C f0 ]∩Mu

are not empty. Let us define a double sequence x = (xkl) by

xkl =
k(−1)l

rktl
for all k, l ∈ N.

Thus, B̃x ∈ [C f0 ] since supm sm
infm rm

< 1 for all m ∈ N and supn un
infn tn

< 1 for all n ∈ N, but clearly not in the

space Mu. The set B̃[C f0 ]\Mu is not empty. Moreover, if we define a double sequence x(1) = (x(1)kl ) by
x(1) = e then, it is clear that x(1) ∈ B̃[C f0 ]∩Mu

Now, if we define a double sequence x(2) which is in the space Mu by

x(2)kl =

{ 1
rktl

, if both k and l are even
0 , otherwise.
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Then, we have the B̃−transform of x = (x(2)kl ) as

(B̃x)kl =


sk−1ul−1
rk−1tl−1

, if k is odd l is odd,
sk−1tl
rk−1tl

, if k is odd l is even,
rkul−1
rktl−1

, if k is even l is odd,
rktl
rktl

, if k is even l is even.

Thus, one can obtain since supm sm
infm rm

< 1 for all m ∈ N and supn un
infn tn

< 1 for all n ∈ N that

p− lim
q,q′→∞

sup
m,n>0

1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

∣∣∣(B̃x)kl

∣∣∣= 1

uniformly in m,n ∈ N. We read from the last approach that X (2) ∈Mu \ B̃[C f0 ]. This is what we
claimed.
(b) : First, we need to show that the inclusions B̃(C f ) ⊂Mu and B̃(C f0) ⊂Mu hold. Let us take any
double sequence x = (xkl)∈ B̃(C f ). Then y = B̃x∈C f ⊂Mu. Since B̃−1(r̃, s̃, t̃, ũ) satisfy the conditions
of (Tuğ, 2018, Theorem 4.10), it belongs to class (C f : Mu) and x = B̃−1y ∈Mu holds. Therefore, the
inclusion B̃(C f )⊂Mu holds.
Now, for the converse, let the following double sequence x = (xkl) be defined as

xkl =


1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 · · ·
1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 · · ·
1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 · · ·
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
. . .

 , (9)

i.e., in each row, there is one 1, then two 0s, then four 1s, then eight 0s, then sixteen 1s, and goes on
with respect to this harmony. Thus, clearly the double sequence x = (xkl) ∈Mu \ B̃(C f ).

3. The α−,β (bp)− and γ−duals of the spaces B̃(C f ) and B̃[C f ]

In this section, first we calculate the α−dual of the spaces B̃(C f ) and B̃[C f ]. Then we state some known
lemmas concerning the matrix classes (C f : Cbp), ([C f ] : Cbp), (C f : Mu) and ([C f ] : Mu) which we
consider them to calculate the β (bp)− and γ−duals of the spaces B̃(C f ) and B̃[C f0 ].

Theorem 0.4. Let
∣∣∣ supm sm

infm rm

∣∣∣ < 1 for all m ∈ N and
∣∣∣ supn un

infn tn

∣∣∣ < 1 for all n ∈ N. Then, the α−dual of the

spaces B̃(C f ) and B̃[C f ] is the space Lu.

Proof. Since the proofs are similar to each other, we only prove here
{

B̃(C f )
}α

= Lu and leave the

other assumption to the reader. To prove our claim
{

B̃(C f )
}α

= Lu, we must show the existence of

the inclusions Lu ⊂
{

B̃(C f )
}α

and
{

B̃(C f )
}α

⊂Lu.

For the first inclusion, suppose a sequence a = (amn) ∈Lu and x = (xmn) ∈ B̃(C f ). Therefore, there
exists a double sequence y = (ymn) ∈ C f with the relation (3) and (5) such that

p− lim
q,q′→∞

sup
m,n>0

∣∣∣∣∣ 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

ykl

∣∣∣∣∣
exists. Moreover, the inclusion C f ⊂Mu holds, says, supm,n∈N |ymn| ≤ K where K ∈ R+. Since∣∣∣ supm sm

infm rm

∣∣∣< 1 for all m ∈ N and
∣∣∣ supn un

infn tn

∣∣∣< 1 for all n ∈ N, we have
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∑
m,n
|amnxmn| = ∑

m,n
|amn|

∣∣∣∣∣ 1
rmtn

m,n

∑
k,l=0

m−1

∏
i=m−k

n−1

∏
j=n−l

(
−si

ri

)(
−u j

t j

)
ym−k,n−l

∣∣∣∣∣
≤ 1
‖r̃‖∞‖t̃‖∞

∑
m,n
|amn|

m,n

∑
k,l=0

∣∣∣∣∣ m−1

∏
i=m−k

n−1

∏
j=n−l

(
−si

ri

)(
−u j

t j

)∣∣∣∣∣ |ym−k,n−l|

≤ K
‖r̃‖∞‖t̃‖∞

∑
m,n
|amn|

m,n

∑
k,l=0

∣∣∣∣−supm sm

infm rm

∣∣∣∣m−k ∣∣∣∣−supn un

infn tn

∣∣∣∣n−l

=
K

‖r̃‖∞‖t̃‖∞

 1

1−
∣∣∣ supm sm

infm rm

∣∣∣
 1

1−
∣∣∣−supn un

infn tn

∣∣∣
∑

m,n
|amn|

< ∞

Thus, a = (amn) ∈
{

B̃(Mu)
}α

and we can say the fact that the inclusion Lu ⊂
{

B̃(C f )
}α

holds.

Now, to prove the second inclusion
{

B̃(C f )
}α

⊂Lu, we use converse of this assumption. Let suppose

that there exists a sequence (amn) ∈
{

B̃(C f )
}α

\Lu such that ∑m,n |amnxmn| < ∞ for all x = (xmn) ∈
B̃(C f ). Let the double sequence x = (xkl) be defined as x = (xmn) = {(−1)m+n} which is in B̃(C f ) such
that

∑
m,n
|amnxmn|= ∑

m,n
|amn|= ∞.

Thus this is a contradiction. Therefore, (amn) must belong to the space Lu. It completes the proof.

Lemma 0.5. (Moricz & Rhoades, 1988, Theorem 1., p.285) The following statements hold:

(a) A four-dimensional matrix A = (amnkl) ∈ (C f : Cbp) if and only if the following conditions hold:

sup
m,n∈N

∑
k,l
|amnkl|< ∞ (10)

∃akl ∈ C 3,bp− lim
m,n→∞

amnkl = akl for all k, l ∈ N, (11)

∃u ∈ C 3,bp− lim
m,n→∞

∑
k,l

amnkl = u, (12)

∃k0 ∈ N 3,bp− lim
m,n→∞

∑
l
|amn,k0,l−ak0,l|= 0 for all l ∈ N, (13)

∃l0 ∈ N 3,bp− lim
m,n→∞

∑
k
|amnk,l0−ak,l0 |= 0 for all k ∈ N, (14)

bp− lim
m,n→∞

∑
k

∑
l
|∆01amnkl|= 0, (15)

bp− lim
m,n→∞

∑
k

∑
l
|∆10amnkl|= 0, (16)

where

∆10amnkl = amnkl−amn,k+1,l, ∆01amnkl = amnkl−amnk,l+1. (17)

(b) A four-dimensional matrix A = (amnkl) is strongly regular, i.e., A ∈ (C f : Cbp)reg if and only if the
conditions (10)-(16)hold with akl = 0 for all k, l ∈ N and u = 1.

where ∆10amnkl = amnkl−am,n,k+1,l and ∆01amnkl = amnkl−am,n,k,l+1, (m,n,k, l = 0,1,2, ...).
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Lemma 0.6. (Başarir, 1995, Theorem 1., p.179) A four-dimensional matrix A = (amnkl ∈ ([C f ] : Cbp)

if and only if A is bounded regular, i.e., A = (amnkl) ∈ (Cbp : Cbp) (see (Robison, 1926, Theorem I.,
p.53)), that is the conditions in (11)-(14) hold with akl = 0 for all k, l ∈ N and u = 1, and satisfy the
following two conditions;

bp− lim
m,n→∞

∑
k,l∈E
|∆10amnkl|= 0, (18)

bp− lim
m,n→∞

∑
k,l∈E
|∆01amnkl|= 0. (19)

for each set E which is uniformly zero density

Lemma 0.7. (Tuğ, 2018, Theorem 4.10, p.14) A four-dimensional matrix A = (amnkl) ∈ (C f : Mu) if
and only if Amn ∈ {C f }β (ϑ) and condition (10) hold.

Lemma 0.8. (Tuǧ, 2021, Corollary 3.4, p.13) A four-dimensional matrix A = (amnkl) ∈ ([C f ] : Mu) if

and only if the Amn ∈
{
[C f ]

}β (ϑ) for all m,n ∈ N and (10) holds.

Now let us define the sets b̃k where k ∈ {1,2, . . . ,7}, as follows:

b̃1 =

{
a = (akl) ∈Ω : sup

m,n∈N
∑
k,l

∣∣∣∣∣ m,n

∑
i, j=k,l

1
rit j

i−1

∏
π=k

j−1

∏
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
ai j

∣∣∣∣∣< ∞

}
,

b̃2 =

{
a = (akl) ∈Ω : ∃βkl ∈ C 3,ϑ − lim

m,n→∞

m,n

∑
i, j=k,l

1
rit j

i−1

∏
π=k

j−1

∏
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
ai j = βkl

}
,

b̃3 =

{
a = (akl) ∈Ω : ∃u ∈ C 3,ϑ − lim

m,n→∞

m,n

∑
i, j=k,l

1
rit j

i−1

∏
π=k

j−1

∏
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
ai j = u

}
,

b̃4 =

{
a = (akl) ∈Ω :

∃l0 ∈ N 3,ϑ − lim
m,n→∞

∑
k

∣∣∣∣∣ m,n

∑
i, j=k,l0

1
rit j

i−1

∏
π=k

j−1

∏
ρ=l0

(
−sπ

rπ

)(
−uρ

tρ

)
ai j−βk,l0

∣∣∣∣∣= 0 for all k ∈ N
}
,

b̃5 =

{
a = (akl) ∈Ω :

∃k0 ∈ N 3,ϑ − lim
m,n→∞

∑
l

∣∣∣∣∣ m,n

∑
i, j=k0,l

1
rit j

i−1

∏
π=k0

j−1

∏
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
ai j−βk0,l

∣∣∣∣∣= 0 for all l ∈ N
}
,

b̃6 =

{
a = (akl) ∈Ω : ϑ − lim

m,n→∞
∑
k

∑
l

∣∣∣∣∣∆01

{
m,n

∑
i, j=k,l

1
rit j

i−1

∏
π=k

j−1

∏
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
ai j

}∣∣∣∣∣= 0
}
,

b̃7 =

{
a = (akl) ∈Ω : ϑ − lim

m,n→∞
∑
k

∑
l

∣∣∣∣∣∆10

{
m,n

∑
i, j=k,l

1
rit j

i−1

∏
π=k

j−1

∏
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
ai j

}∣∣∣∣∣= 0
}
.

Theorem 0.9. The β (bp)−dual {µ}β (bp) of the space µ is
⋂7

i=1 b̃i, i.e., {µ}β (bp) =
⋂7

i=1 b̃i, where
µ = {B̃(C f ), B̃[C f ]}.

Proof. Suppose that a = (amn) ∈Ω and x = (xmn) ∈ B̃(C f ). Then, we have y = B̃x ∈ C f . m,n-th partial
sum of the series ∑k,l aklxkl is given by the equality (26) which was defined by Tuǧ at al (Tuğ et al.,
2020, Lemma 1., p.11) and the four-dimensional matrix D̃ = (d̃mnkl) which was also defined by Tuǧ at
al (Tuğ et al., 2020, p. 11) as

d̃mnkl =

{
∑

m,n
i, j=k,l

1
rit j

∏
i−1
π=k ∏

j−1
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
ai j , 0≤ k ≤ m,0≤ l ≤ n;

0 , elsewhere
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for all m,n,k, l ∈N. Then, since it is given in the hypothesis, one can obtain that ax ∈ C S bp whenever
x = (xmn) ∈ B̃(C f ) if and only if D̃y ∈ Cbp whenever y = (ymn) ∈ C f . This says that a = (amn) ∈{

B̃(C f )
}β (bp)

if and only if D̃ ∈ (C f : Cbp). Thus, we can say that the conditions of Lemma 0.5(a)

holds with d̃mnkl instead of amnkl , i.e., this is the set
⋂7

i=1 d̃i. This completes the proof.
The βbp−dual {B̃[C f ]}β (bp) of the space B̃[C f ] can be calculated by considering k, l ∈ E which is
uniformly zero density in Lemma 0.6 and then it is seen that {B̃[C f ]}β (bp) =

⋂7
i=1 d̃i too. So we omit

the repetition.

Theorem 0.10. The γ−dual of the spaces B̃(C f ) and B̃[C f ] is the set d̃1 ∩CSϑ , i.e., {B̃(C f )}γ =

{B̃[C f ]}γ = d̃1∩CSϑ

Proof. Suppose that a = (amn) ∈ Ω and x = (xmn) ∈ B̃[C f ]. We need to show that the (m,n)th−partial
sum of the series ∑kl aklxkl is in the space BS for these sequences a=(amn)∈Ω and x=(xmn)∈ B̃[C f ]

where y = B̃x ∈ [C f ]. By considering the similar way used in proving Theorem 0.9, we can summarize
the rest of the proof as follows; we can say that ax ∈BS whenever x = (xmn) ∈ B̃[C f ] if and only if
D̃y ∈Mu whenever y = (ymn) ∈ [C f ], where the matrix D̃ = (d̃mnkl) was defined by (20). This means
that the conditions of Lemma 0.8 hold with the matrix D̃ = (d̃mnkl) instead of the matrix A = (amnkl).
That is, Dmn ∈ [C f ]

β (ϑ) for each fixed m,n ∈ N and

sup
m,n∈N

∑
k,l

∣∣∣∣∣ m,n

∑
i, j=k,l

1
rit j

i−1

∏
π=k

j−1

∏
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
ai j

∣∣∣∣∣< ∞.

Thus, the γ−dual {B̃[C f ]}γ of the space B̃[C f ] is the set d̃1∪CSϑ . This completes the proof.

4. Matrix Transformations on the New Sequence Spaces B̃(C f ) and B̃[C f ]

In this section, first we summarize the literature concerning the matrix transformations from and into
the sequence spaces C f and [C f ]. Then we state some corollaries, without their proofs, which include
characterization of some new four-dimensional matrix classes. We conclude the section with some
significant results after stating the matrix classes (B̃(µ) : λ ) and (λ : B̃(µ)) which characterized by Tuğ
et al. (2020) in general form.

Lemma 0.11. (Zeltser, Mursaleen, & Mohiuddine, 2009, Theorem 3.1., p. 5) The following statements
hold:

(a) A four-dimensional matrix A = (amnkl) is almost Cbp−conservative, i.e., A ∈ (Cbp : C f ) if and only
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if the condition in (10), and the following conditions hold

∃ai j ∈ C 3 bp− lim
q,q′→∞

a(i, j,q,q′,m,n) = ai j, (20)

uniformly in m,n ∈ N for each i, j ∈ N

∃u ∈ C 3 bp− lim
q,q′→∞

∑
i, j

a(i, j,q,q′,m,n) = u, (21)

uniformly in m,n ∈ N

∃ai j ∈ C 3 bp− lim
q,q′→∞

∑
i
|a(i, j,q,q′,m,n)−ai j|= 0, (22)

uniformly in m,n ∈ N for each j ∈ N

∃ai j ∈ C 3 bp− lim
q,q′→∞

∑
j
|a(i, j,q,q′,m,n)−ai j|= 0, (23)

uniformly in m,n ∈ N for each i ∈ N

where a(i, j,q,q′,m,n) = ∑
m+q
k=m ∑

n+q′
l=n akli j/[(q+1)(q′+1)]. In this case, a = (ai j) ∈Lu and

f2− limAx = ∑
i, j

ai jxi j +

(
u−∑

i, j
ai j

)
bp− lim

i, j→∞
xi j,

that is,

bp− lim
q,q′→∞

∑
i, j

a(i, j,q,q′,m,n)xi j = ∑
i, j

ai jxi j +

(
u−∑

i, j
ai j

)
bp− lim

i, j→∞
xi j,

uniformly in m,n ∈ N.

(b) A four-dimensional matrix A = (amnkl) is almost Cbp−regular, i.e., A ∈ (Cbp : C f )reg if and only if
the conditions (10), (20)-(23) hold with ai j = 0 for all i, j ∈ N and u = 1

Lemma 0.12. (Zeltser et al., 2009, Theorem 3.2., p.9) The following statements hold:

(a) A four-dimensional matrix A = (amnkl) is almost Cr−conservative, i.e., A ∈ (Cr : C f ) if and only if
the conditions in (10), (20) and (21), and the following conditions hold

∃ j0 ∈ N 3 bp− lim
q,q′→∞

∑
i

a(i, j0,q,q′,m,n) = u j0 , (24)

uniformly in m,n ∈ N,
∃i0 ∈ N 3 bp− lim

q,q′→∞
∑

j
a(i0, j,q,q′,m,n) = vi0 , (25)

uniformly in m,n ∈ N,

where a(i, j,q,q′,m,n) is defined as in the Lemma 0.11. In this case, a = (ai j) ∈Lu; (u j),(vi) ∈ `1 and

f2− limAx = ∑
i j

ai jxi j +∑
i

(
vi−∑

j
ai j

)
xi +∑

j

(
u j−∑

i
ai j

)
x j

+

(
u+∑

i, j
ai j−∑

i
vi−∑

j
u j

)
r− lim

i, j→∞
xi j.
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(b) A four-dimensional matrix A = (amnkl) is almost Cr−regular, i.e., A ∈ (Cr : C f )reg if and only if the
conditions in (10), (20), (21), (25) and (25) hold with ai j = u j = vi = 0 for all i, j ∈ N and u = 1.

Lemma 0.13. (Zeltser et al., 2009, Theorem 3.3., p.11) The following statements hold:

(a) A four-dimensional matrix A = (amnkl) is almost Cp−conservative, i.e., A ∈ (Cp : C f ) if and only if
the conditions in (10), (20) and (21) hold, and

∀k ∈ N, ∃K ∈ N 3 amnkl = 0 f or l > K, (m,n ∈ N), (26)

∀l ∈ N, ∃L ∈ N 3 amnkl = 0 f or k > L, (m,n ∈ N). (27)

In this case a = (ai j) ∈Lu,(ai j0)i∈N,(ai0 j) j∈N ∈ ϕ where ϕ denotes the space of all finitely non-zero
sequences and

f2− limAx = ∑
i, j

ai jxi j +

(
u−∑

i, j
ai j

)
p− lim

i, j→∞
xi j.

(b) A four-dimensional matrix A = (amnkl) is almost Cp−regular, i.e., A ∈ (Cr : C f )reg if and only if the
conditions in (10), (20), (21),(26) and (27) hold with ai j = 0 for all i, j ∈ N and u = 1.

Lemma 0.14. (Mursaleen, 2004, Theorem 2.2., p.527) A four-dimensional matrix A= (amnkl) is almost
strongly regular, i.e., A∈ (C f : C f )reg if and only if A is almost regular and the following two conditions
hold

lim
q,q′→∞

∑
i

∑
j

∣∣∆10a(i, j,q,q′,m,n)
∣∣= 0 uniformly in m,n ∈ N, (28)

lim
q,q′→∞

∑
j
∑

i

∣∣∆01a(i, j,q,q′,m,n)
∣∣= 0 uniformly in m,n ∈ N, (29)

where

∆10a(i, j,q,q′,m,n) = a(i, j,q,q′,m,n)−a(i+1, j,q,q′,m,n),

∆01a(i, j,q,q′,m,n) = a(i, j,q,q′,m,n)−a(i, j+1,q,q′,m,n).

Lemma 0.15. (Yeşilkayagil & Başar, 2016, Theorem 3.5., p,43) The four-dimensional matrix A =

(amnkl) ∈ (Mu : C f ) if and only if the condition (10) and the following conditions hold

∃βkl ∈ C 3 f2− lim
m,n→∞

amnkl = βkl for all k, l ∈ N, (30)

For every m,n, j ∈ N,∃K ∈ N 3 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

akli j = 0, (31)

for all q,q′, i > K,

For every m,n, i ∈ N,∃L ∈ N 3 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n

akli j = 0, (32)

for all q,q′, j > L.

Lemma 0.16. (Tug, 2018, Theorem 3., p.4) Let A = (amnkl) be a four-dimensional infinite matrix. Then
the following statements hold.

(a) Let 0 < s′ ≤ 1. Then, A = (amnkl) ∈ (Ls′ : C f ) if and only if

sup
m,n,k,l∈N

|amnkl|< ∞, (33)

∃(akl) ∈ C such that f2− lim
m,n→∞

amnkl = akl for all k, l ∈ N (34)
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(b) Let 1 < s′ < ∞. Then, A = (amnkl) ∈ (Ls′ : C f ) if and only if the condition (34) holds and

sup
m,n∈N

∑
k,l
|amnkl|s

′
< ∞. (35)

Lemma 0.17. (Tuǧ, 2021, Theorem 4.2., p.13) Four-dimensional matrix A = (amnkl) ∈ ([C f ] : C f ) with
f2− limAx = [ f2]− limkl xkl if and only if A is almost Cbp−regular,i.e., A = (amnkl) ∈ (Cbp : C f ) with
f2− limAx = bp− limkl xkl and

∑
k,l∈E
|∆11amnkl| → 0, as m,n→ ∞ (36)

for each set E which is uniformly zero density where

∆11amnkl = amnkl−amn,k+1,l−amn,k,l+1 +amn,k+1,l+1 (37)

Now we come up with the following corollaries without their proofs.

Corollary 0.18. The four-dimensional matrix A = (amnkl) ∈ (Mu : [C f ]) if and only if the condition
(10) and the following conditions hold

∃βkl ∈ C 3 [ f2]− lim
m,n→∞

amnkl = βkl for all k, l ∈ N, (38)

For every m,n, j ∈ N,∃K ∈ N 3 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|akli j|= 0, (39)

for all q,q′, i > K,

For every m,n, i ∈ N,∃L ∈ N 3 1
(q+1)(q′+1)

m+q

∑
k=m

n+q′

∑
l=n
|akli j|= 0, (40)

for all q,q′, j > L.

Corollary 0.19. Let A = (amnkl) be a four-dimensional infinite matrix. Then the following statements
hold.

(a) Let 0 < s′ ≤ 1. Then, A = (amnkl) ∈ (Ls′ : [C f ]) if and only if (33) holds and

∃(akl) ∈ C such that [ f2]− lim
m,n→∞

amnkl = akl for all k, l ∈ N (41)

(b) Let 1 < s′ < ∞. Then, A = (amnkl) ∈ (Ls′ : [C f ]) if and only if the condition (41) holds and

sup
m,n∈N

∑
k,l
|amnkl|s

′
< ∞. (42)

Corollary 0.20. The following statements hold:

(a) A four-dimensional matrix A = (amnkl) is strongly almost Cbp−conservative, i.e., A ∈ (Cbp : [C f ]) if
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and only if the condition in (10), and the following conditions hold

∃ai j ∈ C 3 bp− lim
q,q′→∞

ã(i, j,q,q′,m,n) = ai j, (43)

uniformly in m,n ∈ N for each i, j ∈ N
∃u ∈ C 3 bp− lim

q,q′→∞
∑
i, j

ã(i, j,q,q′,m,n) = u, (44)

uniformly in m,n ∈ N

∃ai j ∈ C 3 bp− lim
q,q′→∞

∑
i
|ã(i, j,q,q′,m,n)−ai j|= 0, (45)

uniformly in m,n ∈ N for each j ∈ N

∃ai j ∈ C 3 bp− lim
q,q′→∞

∑
j
|ã(i, j,q,q′,m,n)−ai j|= 0, (46)

uniformly in m,n ∈ N for each i ∈ N

where ã(i, j,q,q′,m,n) = 1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n |akli j|. In this case, a = (ai j) ∈Lu and

[ f2]− limAx = ∑
i, j

ai jxi j +

(
u−∑

i, j
ai j

)
bp− lim

i, j→∞
xi j,

that is,

bp− lim
q,q′→∞

∑
i, j

ã(i, j,q,q′,m,n)xi j = ∑
i, j

ai jxi j +

(
u−∑

i, j
ai j

)
bp− lim

i, j→∞
xi j,

uniformly in m,n ∈ N.

(b) A four-dimensional matrix A = (amnkl) is strongly almost Cbp−regular, i.e., A∈ (Cbp : [C f ])reg if and
only if the conditions (10), (43)-(46) hold with ai j = 0 for all i, j ∈ N and u = 1.

Corollary 0.21. Four-dimensioanl matrix A= (amnkl)∈ ([C f ] : [C f ]) with [ f2]− limAx= [ f2]− limkl xkl

if and only if A is strongly almost Cbp−regular,i.e., A = (amnkl) ∈ (Cbp : [C f ]) with [ f2]− limAx =

bp− limkl xkl and the condition in (36) holds.

Corollary 0.22. A four-dimensional matrix A = (amnkl) is strongly almost strongly regular, i.e., A ∈
(C f : [C f ])reg if and only if A is strongly almost regular and the following two conditions hold

lim
q,q′→∞

∑
i

∑
j

∣∣∆10ã(i, j,q,q′,m,n)
∣∣= 0 uniformly in m,n ∈ N, (47)

lim
q,q′→∞

∑
j
∑

i

∣∣∆01ã(i, j,q,q′,m,n)
∣∣= 0 uniformly in m,n ∈ N, (48)

where ã(i, j,q,q′,m,n) = 1
(q+1)(q′+1) ∑

m+q
k=m ∑

n+q′
l=n |akli j| and

∆10ã(i, j,q,q′,m,n) = ã(i, j,q,q′,m,n)− ã(i+1, j,q,q′,m,n),

∆01ã(i, j,q,q′,m,n) = ã(i, j,q,q′,m,n)− ã(i, j+1,q,q′,m,n).

Now, the following Lemma 0.23 is given by considering four-dimensional dual summability method
for double sequences.

Volume 7, Issue 2; December, 2021 85



Eurasian Journal of Science & Engineering
ISSN 2414-5629 (Print), ISSN 2414-5602 (Online) EAJSE

Lemma 0.23. (Tuğ et al., 2020, Theorem 13., p.14) Suppose that the four-dimensional matrices A =

(amnkl) and C̃ = (c̃mnkl) are connected with the following relation

c̃mnkl =
∞

∑
i, j=k,l

1
rit j

i−1

∏
π=k

j−1

∏
ρ=l

(
−sπ

rπ

)(
−uρ

tρ

)
amni j (49)

for any m,n,k, l ∈ N and λ is any given double sequence space. Then, A ∈ (B̃(µ) : λ ) if and only if

Amn ∈ {B̃(µ)}β (ϑ) for any m,n ∈ N, (50)

C̃ ∈ (µ : λ ) (51)

Corollary 0.24. Suppose that the four-dimensional matrices A= (amnkl) and C̃ = (c̃mnkl) are connected
with the following relation (49). The the followings hold;

(a) A ∈ (B̃(Cbp) : C f ) if and only if the conditions in (50) holds, and (10), (20)-(23) hold with c̃mnkl

instead of amnkl .

(b) A ∈ (B̃(Cr) : C f ) if and only if the conditions in (50) holds, and (10), (20), (21), (24), (25) hold
with c̃mnkl instead of amnkl .

(c) A ∈ (B̃(Cp) : C f ) if and only if the conditions in (50) holds, and (10), (20), (21), (26), (27) hold
with c̃mnkl instead of amnkl .

(d) A ∈ (B̃(Ls) : C f ), (0 < s′ ≤ 1) if and only if the conditions in (50) holds, and (33) and (34) hold
with c̃mnkl instead of amnkl .

(e) A ∈ (B̃(Ls) : C f ), (1 < s′ < ∞) if and only if the conditions in (50) holds, and (34) and (35) hold
with c̃mnkl instead of amnkl .

(f) A ∈ (B̃(C f ) : C f ) if and only if the conditions in (50) holds, and (10), (20)-(23) hold with ai j = 0
for all i, j ∈ N and u = 1, and (28) and (29) hold with c̃mnkl instead of amnkl .

Corollary 0.25. Suppose that the four-dimensional matrices A= (amnkl) and C̃ = (c̃mnkl) are connected
with the following relation (49). The the followings hold;

(a) A ∈ (B̃(Cbp) : [C f ]) if and only if the conditions in (50) holds, and (10), (43)-(46) hold with c̃mnkl

instead of amnkl .

(b) A∈ (B̃(Ls) : [C f ]), (0 < s′ ≤ 1) if and only if the conditions in (50) holds, and (33) and (41) hold
with c̃mnkl instead of amnkl .

(c) A ∈ (B̃(Ls) : [C f ]), (1 < s′ < ∞) if and only if the conditions in (50) holds, and (41) and (42)
hold with c̃mnkl instead of amnkl .

(d) A∈ (B̃(C f ) : [C f ]) if and only if the conditions in (50) holds, and (10), (43)-(46) hold with ai j = 0
for all i, j ∈ N and u = 1, and (30)-(32) hold with c̃mnkl instead of amnkl .

(e) A ∈ (B̃(Mu) : [C f ]) if and only if the conditions in (50) holds, and (10), (38)-(40) hold with c̃mnkl

instead of amnkl .

(f) A = (amnkl) ∈ (B̃[C f ] : [C f ]) with [ f2]− limAx = [ f2]− limkl xkl if and only if A = (amnkl) ∈
(B̃(Cbp) : [C f ]) with [ f2]− limAx = bp− limkl xkl and the condition in (36) holds with c̃mnkl

instead of amnkl .
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Corollary 0.26. Suppose that the four-dimensional matrices A= (amnkl) and C̃ = (c̃mnkl) are connected
with the following relation (49). The the followings hold;

(a) A∈ (B̃(C f ) : Cbp) if and only if the conditions in (50) holds, and (10)-(16) hold with c̃mnkl instead
of amnkl .

(b) A ∈ (B̃(C f ) : Mu) if and only if the conditions in (50) holds, and (10) holds with c̃mnkl instead of
amnkl .

(c) A∈ (B̃[C f ] : C f ) if and only if the conditions in (50) holds, and (20)-(23) and (36) hold with c̃mnkl

instead of amnkl .

(d) A ∈ (B̃[C f ] : Cbp) if and only if the conditions in (50) holds, and (11)-(14) hold with ai j = 0 for
all i, j ∈ N and u = 1, and (18)-(19) hold with c̃mnkl instead of amnkl .

(e) A ∈ (B̃[C f ] : Mu) if and only if the conditions in (50) holds, and (10) holds with c̃mnkl instead of
amnkl .

Lemma 0.27. (Tuğ et al., 2020, Theorem 14., p.15) Suppose that the four-dimensional infinite matrices
A = (amnkl) and G̃ = (g̃mnkl) are connected with the following relation

g̃mnkl =
m,n

∑
i, j=0

b̃mni jai jkl (52)

= sm−1un−1am−1,n−1,k,l + sm−1tnam−1,n,k,l + rmun−1am,n−1,k,l + rmtnamnkl

for all m,n,k, l ∈ N. Then, A ∈ (λ : B̃(µ)) if and only if

G̃ ∈ (λ : µ) (53)

Corollary 0.28. Suppose that the four-dimensional matrices A=(amnkl) and G̃=(g̃mnkl) are connected
with the following relation (49). The the followings hold;

(a) A ∈ (Cbp : B̃(C f )) if and only if the conditions in (10), (20)-(23) hold with g̃mnkl instead of amnkl .

(b) A∈ (Cr : B̃(C f )) if and only if the conditions in (10), (20), (21), (24), (25) hold with g̃mnkl instead
of amnkl .

(c) A∈ (Cp : B̃(C f )) if and only if the conditions in (10), (20), (21), (26), (27) hold with g̃mnkl instead
of amnkl .

(d) A ∈ (Ls : B̃(C f )), (0 < s′ ≤ 1) if and only if the conditions in (33) and (34) hold with g̃mnkl

instead of amnkl .

(e) A ∈ (Ls : B̃(C f )), (1 < s′ < ∞) if and only if the conditions in (34) and (35) hold with g̃mnkl

instead of amnkl .

(f) A ∈ (C f : B̃(C f )) if and only if the conditions in (10), (20)-(23) hold with ai j = 0 for all i, j ∈ N
and u = 1, and (28) and (29) hold with g̃mnkl instead of amnkl .

Corollary 0.29. Suppose that the four-dimensional matrices A=(amnkl) and G̃=(g̃mnkl) are connected
with the following relation (49). The the followings hold;

(a) A ∈ (Cbp : B̃[C f ]) if and only if the conditions in (10), (43)-(46) hold with g̃mnkl instead of amnkl .

(b) A∈ (Ls : B̃[C f ]), (0< s′≤ 1) if and only if the conditions in (33) and (41) hold with g̃mnkl instead
of amnkl .
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(c) A ∈ (Ls : B̃[C f ]), (1 < s′ < ∞) if and only if the conditions in (41) and (42) hold with g̃mnkl

instead of amnkl .

(d) A ∈ (C f : B̃[C f ]) if and only if the conditions in (10), (43)-(46) hold with ai j = 0 for all i, j ∈ N
and u = 1, and (30)-(32) hold with g̃mnkl instead of amnkl .

(e) A ∈ (Mu : B̃[C f ]) if and only if the conditions in (10), (38)-(40) hold with g̃mnkl instead of amnkl .

(f) A = (amnkl)∈ ([C f ] : B̃[C f ]) with [ f2]− limAx = [ f2]− limkl xkl if and only if A = (amnkl)∈ (Cbp :
B̃[C f ]) with [ f2]− limAx = bp− limkl xkl and the condition in (36) holds with g̃mnkl instead of
amnkl .

Corollary 0.30. Suppose that the four-dimensional matrices A=(amnkl) and G̃=(g̃mnkl) are connected
with the following relation (49). The the followings hold;

(a) A ∈ (C f : B̃(Cbp)) if and only if (10)-(16) hold with g̃mnkl instead of amnkl .

(b) A ∈ (C f : B̃(Mu)) if and only if (10) holds with g̃mnkl instead of amnkl .

(c) A ∈ ([C f ] : B̃(C f )) if and only if (20)-(23) and (36) hold with g̃mnkl instead of amnkl .

(d) A ∈ ([C f ] : B̃(Cbp)) if and only if (11)-(14) hold with ai j = 0 for all i, j ∈ N and u = 1, and
(18)-(19) hold with g̃mnkl instead of amnkl .

(e) A ∈ ([C f ] : B̃(Mu)) if and only if (10) holds with g̃mnkl instead of amnkl .

5. Conclusion

Lorentz (1948) introduced almost convergence for single sequence and then M. Mursaleen (2010) in-
vestigated the certain properties of the space of almost convergent sequences denoted by f . Then
many of the mathematician has studied the matrix domain on almost null and almost convergent
sequences spaces (see Başar and Kirişçi (2011), Tuǧ and Başar (2016), Kayaduman and Şengönül
(2012), Şengönül and Kayaduman (2012).RhoadesMoricz and Rhoades (1988) introduced and stud-
ied almost convergence for double sequences. Then many significant contributions have been done
by several mathematicians (see Tuğ (2018), Tug (2018), Tuǧ (2021), Móricz and Rhoades (1990),
Mursaleen and Savaş (2003), Cunjalo (2007), M. Mursaleen and Mohiuddine (2009), M. Mursaleen
and Mohiuddine (2010).In this paper, we defined the spaces B̃(C f ), B̃(C f0), B̃[C f ] and B̃[C f0 ], where
the matrix B(r̃, s̃, t̃, ũ) was defined by Tuğ et al. (2020) as four-dimensional sequential band matrix.
Then we state some topological properties beside some strict inclusion relations. In the third sec-
tion, we calculated the α−,βbp− and γ−dual spaces of B̃(C f ) and B̃[C f ]. In the last section, we
stated the known matrix classes from or into the spaces B̃(C f ) and B̃[C f ], and then we characterized
some new matrix classes (B̃(µ) : λ ) and (λ : B̃(µ)), where λ ,µ are any sequence spaces from the set
{C f , [C f ],Cbp,Cr,Cp,Ls′ ,Mu}.
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