Eurasian Journal of Science & Engineering

ISSN 2414-5629 (Print), ISSN 2414-5602 (Online) EAJSE

Hybrid Method for Accretive Variational Inequalities
Involving Pseudocontraction

Abdulnasir Isah !

'Department of Mathematics Education, Faculty of Education, Tishk International University, Erbil,
Iraq

Correspondence: Department of Mathematics Education, Faculty of Education, Tishk International
University, Erbil, Iraq.

Email: abdulnasir.isah@tiu.edu.iq

Doi:10.23918/eajse.v9ilp271

Abstract: We use strongly pseudocontractions to regularise a class of accretive variational inequalities in more general
settings, the solutions are sought in the set of fixed points of another pseudocontraction. In this paper, we consider an
implicit scheme that can be used to find a solution of a class of accretive variational inequalities. Our results improved

and generalise some results of Yaqin and Chen.
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1. Introduction

Let E be a real Banach space and let J denote the normalized duality mapping from E into 2£ given by
J&) ={f cE" )y =llx ML F I M=l 7l VxeE

where E* denotes the dual space of E and (., .) denotes the generalized duality pairing. In what follows,
we shall denote the single-valued duality mapping by j and Fix(T) = {x € E : Tx = x}. When {x,} is
a sequence in E, then x,, — x (respectively x,, — x) will denote strong (respectively weak ) convergence
of x,, to x.

A mapping T with domain D(T) and range R(T) in E is said to be pseudocontractive if the inequality

[x=ylI<llx=y+e((I=T)x=(I=T)yl (D

holds for each x,y € D(T) and for all ¢ > 0. It is very easy to understand that (1) is equivalent to (2)
below if there exist j(x —y) € J(x —y) such that

(Tx—Ty, j(x—y)) <[ x—y|? )

for any x,y € D(T). T is called strongly pseudocontractive if there exist

j(x—y) e J(x—y)and n € (0,1) such that (Tx— Ty, j(x—y)) <1 || x—y |/ for any x,y € D(T).

Let H be a Hilbert space with inner product (.,.), we know that 7 : C — H is called monotone if
(Tx—Ty,x—y) >0 Vx,y € C. A variational inequality problem,denoted by VI(T, C) is to find a point
x* with property
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x*€C such that (Tx',x—x")>0 VxeC

If the mapping T is monotone operator,then we say that VI(T,C) is monotone.
Lu et al.(Ceng, Lin, & Petrugel, 2012) considered the following monotone variational inequality problem in Hilbert spaces
(denoted by VI(TS,C))

find x* € Fix(T) such that ((I—S)x*,x—x")>0 Vxe& Fix(T). 3)

Where T,S : C — C are non expansive mappings and Fix(T) # 0.
Yao et al.(Yao, Marino, & Liou, 2011) considered VI(TS,C) in Hilbert spaces when T, S : C — C are pseudocontraction.
Recently, Wang and Chen consider the following variational inequality problem in Banach space

find x* € F(T) such that {((I—S)x*,j(x—x*))>0 VxeF(T). 4)

Where T,S : C — C are pseudocontraction. Since (I —S) is accretive the Variational in equality (4) is accretive.

For solving the VI(T, C), hybrid methods were studied by Yamada (Yamada & Ogura, 2005) where he assumed that T is
Lipschitzian and strongly monotone. However, his methods do not apply to the Variational inequality (4) since the mapping
(I—S) fails, in general, to be strongly monotone, though it is Lipschitzian. In fact the Variational inequality (4) is, in general,
ill-posed, and thus regularization is needed.

Let 7,S : C — C be non expansive and f : C — C be contractive. In 2006 Moudafi and Mainge (Moudafi & Maingé, 2006)
studied the VI(TS,C) by regularizing the mapping tS+ (1 — )T and defined {x;} as follows,

Xep =8f(xs50) + (1 —8)[tSx5 + (1 —1)Txgy], 5,2 €(0,1)

Since Moudafi and Mainge’s regularization depends on t, the convergence of the scheme above is more complicated, so Lu
et al.Ceng et al. (2012) defined {x;,} as the unique fixed point of the equation

Xop = 8[tf(xs) + (1 —1)8x5] + (1 —5)Txg; 5,0 €(0,1) 5)

Note that Lu et al’s regularization does no longer depend on t, and their result for the regularizing (5) is under less restrictive
conditions than Moudafi and Mainge’s.

Yao in Yao et al. (2011) extended Lu et al.’s result to a general case, i.e., in the scheme (5), S, T are extended to Lipschitz
pseudocontractive and f is extended to strongly pseudocontractive. in 2011 Wang and Chen (2011) observed that a continuity
condition on f is necessary, so, they modify it. Further they used strongly pseudocontraction to regularize the ill-posed
accretive variational inequality (4). and proved the convergence of the scheme (5) in Banach spaces that admit weakly
sequencially duality mapping.

Motivated by the above work in this paper we prove and analyse the convergence of the scheme (5) in more general setting
that involve the spaces that do not admit weakly sequencially continous duality mapping. Our result improve and extend the
corresponding results.(Ceng et al., 2012; Wang & Chen, 2011; Yao et al., 2011)

2. Preliminaries

A Banach space E is said to be uniformly convex if given € € (0,2], there exists 6 > 0 such that V x,y € E with ||x|| <
1|yl < 1and [lx—y|| > €, we have || *3|| < 1-38.

E is strictly convex if H% || < 1forallx,y € E with ||x|| = ||ly|| = 1 and x # y. Let S(E) := {x € E : ||x|| = 1} be a unit sphere
of E, then E is said to have G ateaux differentiable norm (or E is said to be smooth), if the limit

L vl =

t—0 t
exists for all x,y € S(E). E also have uniformly G ateaux differentiable norm (or its uniformly smooth) if the limit exists
uniformly for x,y € S(E).
It is well known that if £ smooth, then the normalised duality map J is single-valued. Also if £ is uniformly smooth, then the
normalised duality map J is norm — to — weak™ uniformly continuos on bounded subsets of E.

Let p1 be a continous linear functional on [ and let (a;,az, ...) € [* we write L (ay) instead of 1 (ay,az,...). We recall that p
is a Banach limit when it satisfies ||ut|| = (1) = 1 and pg(ags1) = U (ax) for each (ay,az,...) € I. if u is a Banach limit,
then we have the following:

)Vn>1, ay<c,implies u(an) < u(cy)

(i) ﬂ(anJrr) = ”(an)

(ii)liminf, e (ay) < t(ap) <limsup, . (ay).

Recall that S : C — C is called accretive if 7 — S is pseudocontractive. We denote by J, the resolvent of S i.e J, = (I + rS)*l.
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It is well known that J,. is nonexpansive, single valued and Fix(J,) =S~1(0) = {z € D(S) : 0= Sz} Vr>0.

Now let 7 : C — C be a pseudocontractive mapping, then, I — T is accretive we denote A = J; = (21 — T)*l. Then Fix(A)
=Fix(T) and A : R(2] — T) — C is non expansive. The following lemma can be found in Song and Chen (2007); Wang and
Chen (2011)

Lemma 0.1. Let C be a non empty closed convex subset of a real Banach space E and T : C — C be a continous pseudocon-
tractive map, we denote by A = J; = (21 —T) ™! then,

(i) The map A is non expansive self mapping on C.

(ii) If limp—yoo | |Xn — Txp|| = O then limy_ye0 || Xy — Axp|| = 0.

Lemma 0.2. Let C be a non empty closed convex subset of a uniformly convex space E and let T : C — C be non expansive
then I —T is demiclosed on C

We also need the following lemma

Lemma 0.3. Let C be a non empty closed convex subset of a real Banach space E. Assume that F : C — E is accretive and
weakly continous along the segments; that is F(x+1ty) = F(x) as t— 0. Then, the variational inequality
X eC,(Fx*, jx—x*))>0 VxeC 6)

is equivalent to the dual variational inequality

X €C,(Fx,j(x—x*)) >0 VxeC (7
The following lemma is usefull for the proof of our main result
Lemma 0.4. Let E be real normed linear space then the following inequality holds

eI < el +200j(x+y)) Yoy €E jlx+y) €J(x+y)

3. Main Results

Let C be a nonempty closed convex subset of a real Banach space E. Let f : C — C be a Lipschitz strongly pseudocontraction
and 7,5 : C — C be two continuous pseudocontractions. For s,z € (0,1), we define the following mapping

x—= W =sltf(x)+(1—0)Sx]+ (1 —s5)Tx
It is easy to see that the mapping Wy, : C — C is a continuous strongly pseudocontractive mapping. So, by (Jung, 2005), W;,
has a unique fixed point which is denoted x;, € C; that is

Xp =Wy =s[tf(x)+(1—1)Sx]+ (1 —s)Tx, s,0€(0,1) 8)

Theorem 0.5. Let E be a real reflexive and strictly convex Banach space with uniformly Gateaux differentiable norm. Let C
be a nonempty closed convex subset of E. Let [ : C — C be a Lipschitz strongly pseudocontraction, S : C — C be a Lipschitz
pseudocontraction and T : C — C be a continous pseudocontraction with Fix(T) # 0. Suppose that the solution set Q of the
Variational inequality (4) is nonempty. Let for each (s,t) € (0,1)2, {xy,} be defined by (8). Then for each fixed t € (0,1),
the net {x;,} converges in norm, as s — 0, to a point x; € Fix(T). Moreover, as t — 0, the net {x; } converges in norm to the
unique solution x* of the following variational inequality

X eQ ((I—f)x*,jlx—x")) >0, VxeQ. )

Hence, for each null sequence {t,} € (0,1), there exist another null sequence {s,} € (0,1), such that the squence x, ;, — x*
innorm as n — oo,

Proof. First we show that for each fixed 7 € (0, 1), the net {x,,} is bounded.
For any z € fix(T), Vs,t,€(0,1), by (8) we have
[Prs.c = 2l| = (slef (o) + (1 = 2)Sx] + (1 = ) Tx = 2, x50 — 2))
= st (f (s.r = f(2), J (s = 2)) +5(1 = 1)(Sxss = Sz, j (x50 = 2))
+(1 = s)(Txgs — Tz, j (x50 — 2)) +st(f(2) — 2, j(¥xs.s —2)
+s(1=1)(Sz =z, (x5 —2))
< stPllwss 2l P +5(1 = 1) ey — 2l + (1 =) Jxes — 2]
st f(2) = 2l|lxs.e = 2l| +s(1 = 1)[1Sz = 2]} — =]
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= (1= st(1 = B))lxss =2l + sl (2) =zl + (1 =) ISz =zl Nl 21,
which implies that

Hlf@) —all | (1=0)liSz—2]
[|xss —2l] < a-p) T P
1
< =gy ellly@ —alblisz—ali

Hence for each 7 € (0, 1), {x;,} is bounded. Further, by the Lipchitz continuity of f and S, we have that { f(x;,)} and {S(xs/)}
are both bounded for each t € (0,1). From (8), we also have

N
\|szt|\< Hx”—l— 7S|‘tf(xs,t)+(1_Z)SXSJH

So {Tx,,} is also bounded as s — 0 for each t € (0,1)

Now, we show x;; — x; € Fix(t) as s — 0

From (8) we have that

Xop —Txg s =s[tf(xss) + (1 —1)Sxs; — Txs] - 0ass — 0
Let {s,} be a null sequence in (0,1) such that x;, , satisfies (8)
Define a map ¢ : E — R by:

o) = plxs,. —yI> Wy EE
Then, clearly ¢(y) — o as |[y|| — oo, ¢ is continous and convex, so as E is reflexive there exist ¢ € E such that

¢(g) = min @(u)

uck

Hence the set

A= {y € E: (y) = minep 9(u)} #0

Since by lemma (0.2) lim;, o || x5, — Tx5, ¢|| = O implies lim, 0 || x5, s — Ax;, || = 0 and fix(T)= Fix(A), then for v € A*
we have

O(AV) = y|[xs,c — AV 2 = s, 0 — AXs, 1 +AXs, r —AV| |2

< Hn| g, 0 — Axg, o> + Hal|Axs, . — AV][?

< ,uonan 7V|‘2 = (p(V)
This implies that ¢(Av) < @(v) and so Av € A*
Now, let z € fix(A), then z = Az, since A* is closed and convex set, there exist a unique v* € A* such that

||z = v*[| = min ||z — ul]
ucA*
But
[z —Av*[| = [|Az = AVF[| <[]z —v"]|
which implies Av* = v* and so A* N Fix(T) # 0
Letx; € A*NFix(T) and t € (0,1), then it follows that

@0x) < @l +8(1f(x) + (1 —1)Sx —x1))
by lemma (0.4) we have
a5, 0 =30 — E(Lf () + (1= 1)Sx — )| P < s, 0 — e
=20 (&t f () + (L —1)Sx; —x1), j (g — X — E(tf (%) + (1L —1)Sx; — x1))
which implies that
B f () + (1= 1)Sxs — x¢), j (g, 0 —xe —E(f () + (1 —1)Sx: —x;)) <O
Moreover,
Mt f(xe) + (1 —=1)Sxs —xr, j(xg, 0 — X)) = Mt f (x2) + (1 = 1)Sx: — Xz, j (X, 0 — X1)
= (s, 0 =X = &t f (%) + (1 = 1)Sx: — x1)))

)
(0 f () + (1= 1)Sx; —x1), (x50 — %0 = & f () + (1 = 1)Sxs —x1))
Sﬂn<ff(xz)+(1—’)sxz Xt J (5,0 — 1)

—J (s =% = &t f (xe) + (1= 1)Sx; —x¢)))

Since j is norm — to — weak* uniformly continous on bounded subsets of E, then as & — 0 we have
M (tf () + (1 —1)Sx: —xy, j(xs, 0 — X)) <O
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Now, using (8) again we have
s, — e |[* = 52 (f (x5,.0) = f(32), j (X5,.0 — X))

+5(1—1)(Sxs, 1 — Sxt, j (X5, 1 —X1))
F(L =) (Txs, s — Tz, j(X5,0 — X))
+st(f (xr) — Xz, j(%X5,.0 — X¢))
(1= 1)(Sx = xt, j(x5,0 — X))
< (1=st(1=B))|lxs, 0 — x>
st (f (xe) = xt, (x50 — 1))
+s(1—1)(Sxs — xr, j (x5, — X¢))
It turns out that

1
t(1-B)

[, =] < (0f Car) + (1 =) S0t =%z, j (x5, —Xt)) Vi € Fix(T) (10)

and so,
—x|*<0
Hn s, — 2] |” <
Thus, there exist a subnet {x;, ; } of the net {x;,} such that
lim Xspt = Xt
n—soo
Letting n — oo in (10) and putting x; = z we have

1
t(1-B)

S0, x; is a solution of the following variational inequality

[ —z[* < (tf(2)+(1=1)Sz—z,j(x —2)) Vz€Fix(T)

x € Fix(T), (tf(z) + (1 -=1)Sz2—2,j(x —2)) 20, Vz€ Fix(T)
By lemma (0.3), when C = Fix(T),F =t(I — f)+ (1 —t)(I — S) we obtain the equivalent dual variational inequality:

Xt € Fix(T), (tf(x) + (1 —1)Sx; — x4, j(x —2)) >0, Vze Fix(T) (11)
Next, we proof that for each z € (0,1), as s — 0 {x;, } converges in norm to x; € Fix(T). Assume x; , — x, as s, — 0, Similar
to the above proof, we have x; € Fix(T) which solves the following variational inequality:
x, € Fix(T), (tf(x;) + (1 —1)Sx, — x,, j(x, —2)) > 0, Vz€ Fix(T) (12)
Taking z = x; in (11) and z = x; in (12), we have
(f () + (1= 1)Sx = x1., (v —x,)) = 0 (13)
(1f () + (1= 0)S5, =5, —)) > 0 (14)
Adding (13) and (14), and since f is strongly pseudocontractive and S is pseudocontractive, we have
0 <e{(I = f)xe = (I = f)xg, j (6 = x0)) + (=) (I =)t = (I = S)x, j (% —x1))

< —1(1-B)|%, —x|
which implies that x, = x;. Hence the net {x;,} converges in norm to x; € Fix(T) as s — 0.
Now, we show that x; is bounded.
Since Q C Fix(T), for any y € Q taking z =y in (11) we obtain

(tf (xr) + (1T —=1)Sxr —x¢, j (% —y)) >0 (15)
Since I - S is accretive, for any y € Q, we have
(St — X1, j(x =) <(Sy—,j(x —y)) <0 (16)

combining (15) and (16) we have
(f(xr) =%, j(x —y)) 2 0,¥y € Q (17)
ie,
(fxr) =y+y—x,j(x—y)) 20,vy € Q
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Hence, |[x; — y[|* < (f(x;) = x1, j(x —¥))
= ()~ FO) I =)+ F) — 3 )
< Bl — 1+ () — 3 i — )
Hence,
[ =2 < — () 3. s — ) ()

1-p

which implies that
1
2
— < - — .
[} —yl|” < 1_ﬁllf(y) ¥

Thus, {x;} is bounded.

Finally, we show that x; — x* € Q which is a solution of variational inequality (4).

Since f is strongly pseudocontractive, it is easy to see that the solution of the variational inequality (4) is unique.

Next, we prove that @ (x;) C €, i.e, if (¢,) is a null sequence in (0,1) such that x;, — X asn — oo, then x € Q. Indeed, it
follows from (11) that

. 4 .
((I=8)xs, j(z—x)) > :((I*f)xt,J(Z*er
Since I-S is accretive, from the above inequality, we obtain

t

((I=98)z,j(z—x)) > -

(I = f)xe, j(z—x1)),Vz € Fix(T). 19)

Letting t =1, — 0 in (19), we have
((I=8)z,j(z—x1)) = 0,Vz € Fix(T)

which is equivalent to its dual variational inequality by lemma (0.3)
(I=8)x,j(z—x)) >0,z € Fix(T)

Since Fix(T) is closed and convex, then it is weakly closed. Thus, x € Fix(T) by virtue of x; € Fix(T). So, x € Q.
Lastly, we show that x = x*, the unique solution of (4). In fact, taking t =, and y = x in (18), we obtain

! 1 / ro, ’
|, —x []* < m(f(x)*x (e, —x)).
which together with x;, — X implies that x;,, — X as t, — 0.Lett =1, — 0in (17), we have

) =x,j(x =) >0, ¥ye Q. (20)

Thus, it follows from (20) and x' € Q that x is a solution of Variational inequality (4). By uniqueness, we have X =x*.
Therefore,x; — x* ast — 0.
The proof is completes. O

The following corollary follows directly from theorem (0.5)

Corollary 0.6. Let E be a real reflexive Banach space that admit a weakly sequencially continous duallity mapping from E
to E*. Let C be a nonempty closed convex subset of E. Let f : C — C be a Lipschitz strongly pseudocontraction, S : C — C be
a Lipschitz pseudocontraction and T : C — C be a continous pseudocontraction with Fix(T) # 0. Suppose that the solution
set Q of the VI(TS, C) is nonempty. Let for each (s,t) € (0,1)2, {xs,} be defined by (8). Then for each fixed t € (0,1), the net
{xs,} converges in norm, as s — 0, to a point x; € Fix(T). Moreover, as t — 0, the net {x; } converges in norm to the unique
solution x* of the following variational inequality

X eQ ((I—f)x*,jl(x—x")) >0, VxeQ. 201

Hence, for each null sequence {t,} € (0,1), there exist another null sequence {s,} € (0,1), such that the squence x, ;, — x*
innormas n — oo,

References

Ceng, L.-C,, Lin, Y.-C., & Petrugel, A. (2012, 07). Hybrid method for designing explicit hierarchical
fixed point approach to monotone variational inequalities. Taiwanese Journal of Mathematics,
16. doi: 10.11650/twjm/1500406747

Volume 9, Issue 1; February, 2023 276



Eurasian Journal of Science & Engineering

ISSN 2414-5629 (Print), ISSN 2414-5602 (Online) EAJSE

Jung, J. S. (2005, 02). Iterative approaches to common fixed points of nonexpansive mappings
in banach spaces. Journal of Mathematical Analysis and Applications, 302, 509-520. doi:
10.1016/j.jmaa.2004.08.022

Moudafi, A., & Maingé, P.-E. (2006). Towards viscosity approximations of hierarchical fixed-point
problems. Fixed Point Theory and Applications, 2006, 1-11. doi: 10.1155/fpta/2006/95453

Song, Y., & Chen, R. (2007, 07). Convergence theorems of iterative algorithms for continuous pseudo-
contractive mappings. Nonlinear Analysis: Theory, Methods & Applications, 67, 486-497. doi:
10.1016/j.na.2006.06.009

Takahashi, W. (1997, 12). Fixed point theorems and nonlinear ergodic theorems for nonlinear semi-
groups and their applications. Nonlinear Analysis: Theory, Methods & Applications, 30, 1283-
1293. doi: 10.1016/s0362-546x(96)00262-3

Wang, Y., & Chen, R. (2011, 10). Hybrid methods for accretive variational inequalities involving pseu-
docontractions in banach spaces. Fixed Point Theory and Applications, 2011. doi: 10.1186/1687-
1812-2011-63

Yamada, 1., & Ogura, N. (2005, 01). Hybrid steepest descent method for variational inequality problem
over the fixed point set of certain quasi-nonexpansive mappings. Numerical Functional Analysis
and Optimization, 25, 619-655. doi: 10.1081/nfa-200045815

Yao, Y., Marino, G., & Liou, Y.-C. (2011). A hybrid method for monotone variational inequal-
ities involving pseudocontractions. Fixed Point Theory and Applications, 2011, 1-8. doi:
10.1155/2011/180534

Volume 9, Issue 1; February, 2023 277



