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Abstract: In this paper, we introduce some new sequence spaces p-adic numbers lm(”) (NY), c®(NY)

and ¢, (N) as Norlund matrix domain in the sequence spaces I,®, ¢® and c,®, respectively.
Moreover, a—, B — and y — dual of these new spaces are calculated with some topological properties.

We characterize some new matrix classes related with the spaces I, ®’(N%), ¢® (N*) and ¢,® (N*) and
we conclude the paper with some significant results and an application.
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1. Introduction

In the real case, we denote the space of all real valued sequences by w. Each vector subspace of w is
called as a sequence space as well. The spaces of all bounded, convergent and null sequences are
denoted by £, ¢ and c,, respectively. By ¢4,%,, cs, cs, and bs, we denote the spaces of all
absolutely convergent, p-absolutely convergent, convergent, convergent to zero and bounded series,
respectively; where 1 < p < co.

A linear topological space 4 is called a K-space if each of the map p;: 2 — C defined by p;(X) = x;
is continuous for all i € N, where C denotes the complex fieldand N = {0,1,2,3,...}. A K-space A is
called an FK-space if A is a complete linear metric space. If an FK-space has a normable topology
then it is called a BK-space. If A is an FK-space, @ c 2 and (e*) is a basis for A then 1 is said to
have AK property, where (e*) is the sequence whose only non-zero term is a 1 in k" place for each
k € Nand @ = span{e*}. If & is dense in A, then A is called AD-space, thus AK implies AD.

Let A and u be two sequence spaces, and A = (a,,) be an infinite matrix of real or complex
numbers, where n, k € N. For every sequence x = (x;) € A the sequence Ax = Ax = ((Ax),) € u
is called A-transform of x, where

(1.1) (Ax), = ZI?:O Ank Xk -
Then, A defines a matrix mapping from A to p and we show it by writing A: 1 — p.

By A € (1: u), we denote the class of all matrices A such that A : A — p if and only if the series
on the right side of (1.1) converges for each n € N and every x €A , and we have Ax =
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((Ax),,) belongs to u for all x € A. A sequence x is said to be A-summable to [ and is called as the
A-limit of x.

Let A be a sequence space and A be an infinite matrix. The matrix domain A, of A in A4 is defined by
Mq={x=(0) Ew: Ax € A}
which is a sequence space.

Let (t,) be a nonnegative real sequence with t, > 0and T, = Y3 t, forall k,n € N . Then, the
N6rlund mean with respect to the sequence t = (&) is defined by the matrix Nt = (a’,) as follows

(1.2) T, '

ty_
. n-k 0<k<n
Apk =

0 ,k>n

For every k,n € N it is known that the Norlund matrix Nt is a Teoplitz matrix if and only if
;—” — 0,as n — oo, Furthermore, if we taket = e = (1,1,1,...), then the Norlund matrix Nt is

n

reduced to Cesaro mean C, of order one and if we choose t,, = A~! for every n € N, then the N*
Norlund mean becomes Cesaro mean C, of order r, where r > —1 and

r+1D)r+2).(r+n
At = {( ¢ ). ) , n=123,..
n — n!
0 , n=0
Let t, = Dy = 1 and define D,, forn € {1,2,3, ...} by

ty 1 0 0 0

t, t 1 0 0

(1.3) D, = s b t} 1 0

th-1 th2 ln-3 tn-a 1

th  lp-1 - th-3 ty
Wlth Dl = tl ,Dz = (tl)z - tz ,D3 = (t3)3 - 2t1t2 + t3 ...... then the InVEI’SE matrIX Ut = (uﬁlk)

of Norlund matrix Nt was defined by Mears in [2] for all n € N as follows

-1 kp, T 0<k<n
1.4 [— {( n-ktk )
(1.4) Unk 0 , k>n.

2. P-adic Numbers

We begin with the definitions of p-adic numbers and p-adic integers with some topological
properties.

Definition 2.1. (Katok, S. (2007)) In what follows p is a fixed prime number. The set Q, is a
completion of the rational numbers Q with respect to the norm |-|,,: Q - R given by

Tifx#0
2.11) ixlp = {0 l.]’:x 7.
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where x = pr%, Vx €Q and m € Zandn € N* s.t. (p,m) = (p,n) = 1. The absolute value ||,

is named non-Archimedean and the most important and useful property of this absolute value is
satisfying the following inequality which is called “strong triangle inequality.”

(2.1.2) lx + yl, < max{lxl,, [y],}

i.e. if |x|, > |yl, then |x +y|, = |x|,. This property is the most crucial property of non-
Archimedean metric. Any p-adic number x € Q,,, where x # 0 is uniquely represented in the form

(2.1.3) x=p"(xg+xpt + 2,02 + )

where r € Z and x; are integers, 0 < x; <p, xo > 0,i =0,1,2, .... This form is called the canonic
formof x € Q, and |x|, =p™".

Definition 2.2. (Sally, P. J. (1998)) Let x € Q, be a p-adic number. Then the following set is called
the p-adic integers.

(2.2.1) Z, ={x € Qp:|x|, <1}
For each ¢ € Qp, andr > 0, B(c,7) = {x € Q,: |x — c|, <} is called the p-adic ball.

The spaces bs®), cs® and I, Pof p-adic numbers were defined as the series space of p-adic
numbers whose sequences of the partial sum is bounded, the series space of p-adic numbers whose
sequences of the partial sum is convergent, and the space of absolutely summable series of p-adic
numbers, respectively. Those spaces are complete metrizable topological vector spaces of p-adic
numbers with respect to the p-adic norm defined by (2.1.1).

It can be obtained from here that all the series Y, x; converges if and only if x, - 0 as k — co.

Therefore, c{"’ coincides with the space of all convergent series cs®.

Let 4 be any sequence space of p-adic numbers. Then the duals of any sequence space in p-adic
numbers defined by

{,u(p)}a = {a = (ay) € wP:ax = (agxy) € ll(p), forall x = (x) € ,u}
{y(p)}ﬂ ={a=(aqp) ewP:ax = (qrx) € c¢sP,  forallx = (x;) € pu}

{,u(p)}y = {a = (ay) € wP:ax = (agxy) € bs®, forallx = (x;) € u}

Definition 2.3. (Andree, R. V., & Petersen, G. M. (1956)) A sequence s = (s,) obtained from the
infinite matrix A = (a,,,,) and the sequence x = (x,,) using the relation s, = Y}_; @k X 1S called
A = (a,y) transform of x = (x,,). If s = (s,,) converges to T, the matrix A = (a,,,) is said to sum
the sequence x = (x,) to the sumT.

Definition 2.4. (Andree, R. V., & Petersen, G. M. (1956)) The method of summation defined by the
matrix A = (a,,y) is called regular in the p-adic field Q, if every convergent sequence x = (x) is
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equal to its transform s = (s,) in Q,. The sequences x = (x,)and s = (s,) are equal if
lim,,_,e|xy, — spl, = 0. Clearly if x = (x,,) is p-convergent, then s = (s;,) is p-convergent. The
inverse does not need to be held.

Theorem 2.5. (Andree, R. V., & Petersen, G. M. (1956)) The matrix A = (a,,,,) is called p-regular
if and only if the following conditions are held.

(2.5.1) lim |apmy,l|, =0
m—0oo
n
(2.5.2) lim Z @t —1| =0
" k=0 P
(2.5.3) \@nlp < M

The method s,, = Y30 @mx X 1S also called p-regular.
3. Some New Sequence Spaces of p-adic Numbers

In this section, we define some new sequence spaces of p-adic numbers as Nérlund matrix domain in
the sequence spaces of all bounded, convergent and null sequences of p-adic numbers, respectively.

Now we may define the following new sequence spaces,

Lo PN ={x=(x) ew® : sup

nt
n—k

Xp| < ooy,
ZTnk

&

]

=)
=

n
t—
CPWY ={x=(x) ewP : A€Q,> lim 2 -1 =0,
k=0 " p
n
@) prty — _ ® . ; bk —
cg (N®) =4qx=(x) EwP): L€ Q> %Lr)rc}o T Xk =0y,
k=0 " P

Theorem 3.1. The sequence spaces ¢ (Nt) and c(()p) (NY) are the linear Banach space with the p-
adic norm [[(N*)llp, = (11D s ey,

Proof: The linearity of the space c®(N?t) is clear. By Wilansky, A. (2000), we can easily say that
the space ¢®(Nt) is BK- space since the Nérlund matrix is a triangle and the space c¢® is BK-
space. It is well known that every Cauchy sequence is convergent in the p-adic number field.
Moreover, the space c® is complete normed space with the norm (||x||)c(p)(Nt) , then it is easy to

show that every Cauchy sequence in ¢® (N?) converges to any number in ¢® (N?). This
completes the proof.

Corollary 3.2. The sequence space loo(p)(Nt) is complete normed space with the supremum p-
norm.
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Theorem 3.3. The conclusion c(” (Nt) c ¢®(N®) strictly holds.

Proof: Suppose that x = (x;) € cép)(Nt). Then, Nix € cép). It is known that cép) c ¢®, then
Ntx € ¢® andasaresult x € ¢® (N*) means that the inclusion holds. Now we should show that
the inclusion is strict. For this, we must take a sequence which belongs to ¢® (Nt) but not in

cép)(Nt). Let decide the sequence x; = e, for all k € N whch belongs to Q,. Then the Nt

transform of x equals to (N‘x), = 1 which says that N‘x € ¢® but not belongs to c{*. This
completes the proof.

Theorem 3.4. The conclusion ¢® < ¢® (N?) strictly holds.
Proof: Suppose that x = (x,) € ¢® then lim,_e|x, — |, =0 holds for any I € Q,. Then

Xn = Xh=o(=1)" %Dy _4 Ty vy and

lim |x,|, = lim
n—-oo n—->oo

n
Z(—l)”_an_kayk
k=0 p

< lim (max{|(=D"DaToYolps -, |(=1)°DoToynlp})
< lim [Tyl
n—-oo

means that x = (x,,)) € ¢® (N*) which completes the proof.

. (2] .
Corollary 3.5. The conclusion I, c I, (N%) strictly holds.

4. a—,B — and y —Dual of the Sequence Spaces of p-adic Numbers

In this present section, we state the a—, § — and y —dual of the new sequence spaces. We start with
some significant Lemmas which will be used in this present and the following chapters.

Lemma 4.1. Let A = (ay) be an infinite matrix. Then 4 € (¢®: 1) if and only if

(4.1.1) sup2|z Ak
KeF - keK

where F is finite subset of N.

< o
p

Lemma 4.2. Let A = (a,;,) be an infinite matrix. Then 4 € (¢®: 1% if and only if

(4.2.1) sup ) |anily <
neN =

Lemma 4.3. (Monna, A. F. (1970)) Let A = (a,;) be an infinite matrix. Then A € (¢®:¢c®)) if and
only if
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(4.3.1) nl}(rgNlankIp <
(4.3.2) Jay € Qp such that %i_r)glolank —ayl, =0, forallk €N.
(4.3.3) Ja € Q, such that lim Z a,, —al =0.
n—-oo
k P

Theorem 4.4. The a —dual of the spaces ¢® (N®) and P’ (N*) is the set

ay: = {a = ay € wy: supz |Z (D" %D, Tea,| < 00}
KeF & keK p

Proof: Suppose that the sequence a = (a;) € w, and x = (x) € cP(N?) then the following
equality

n
anXn = Z(_l)n_an—kaanYk = (BY)n
k=0

holds for all k,n € N whenever y = (y;) € c® since the relation x, = (Uty), satisfied. If we
define the matrix B = (b,,;) as Tug & Basar (2016) defined, then we may say that ax = (a,x,) €

1P) whenever x = (x;) € ¢®(NY) ifand only if By € I’ whenever y = (y) € ¢®. Thus, the
matrix B € (cP: lc(,f)) and the condition of Lemma 4.1. holds with b,,;, instead of a,,, that is,

SUPZ|Z (=)™ *Dp_iTyan| < oo
KEeF - keK P

which gives the results as desired that { c®(N9)}* = b,

Since the proof of 8 —and y — dual of ¢c®(N*) and c¢{P’(N*) can be shown with the same
method used in Theorem 4.4. with the Lemma 4.3. and Lemma 4.2., respectively. So we give the
following corollaries.

Corollary 4.5. The 8 —dual of the spaces c®(N*) and c{P’(N*) is the set B N cs, where the set
B} is defined by

n
Bhi=1<a=ay €wy: sggz Z(—l)J‘RDj_kaa]- < oo
T )

Corollary 4.6. The y —dual of the spaces ¢®(N*) and P’ (Nt) is the set B5.

Volume 3, Issue 3; June, 2018 38



Eurasian Journal of Science & Engineering EAJSE
ISSN 2414-5629 (Print), ISSN 2414-5602 (Online)

5. Matrix Transformations Related to the Sequence Spaces ¢® (N*), ¢’ (N*) and L, P (N*%)

In this section we characterize some new matrix classes from the new sequence spaces c¢® (NY),

cP (N and 1, (N?) into the sequence spaces of p-adic numbers I, ®, ¢® and c,® and vice
versa. Throughout the section, we use the relation between the matrices A = (a,) and F = (fur),
and G = (gnx) Which are defined and studied by Tug & Basar (2016) as follow,

(o0} n t
i— -k
(5.1) fae= ) DD Tan  and  gue= ) %
j=k =k "

€ N.

Ak forall k,l

Theorem 5.1. A€ (¢cP(NY):1P) if and only if 4, € {c(p)(Nt)}ﬁ for each n€ N and F €
(c®: 1P,

Proof: Let suppose that 4 € (c®(N%): 1) and = (x;) € ¢®(N?) . Then it can be said that Ax
exists and belongs to zf,f). Then the m™ partial sum of A- transform of x,

m m m
Z Ang Xk = Z Z(_l)j_ij—kaanjyk
k=0 k=0]=k

for all m,n € N. When we pass to limit as m — oo, we have that

[o0]

Z Ank Xk = Z Z(—l)j_ij—kaaank

k k j=k

for all n € N which means that Ax = Fy € I whenever y = (y,) € ¢®. So F € (¢®:1%) as
we desired.

Theorem 5.2. A€ (c®: 1% (NY) ifand only if G € (c®:19).

Proof: The proof can be shown by like method used in Theorem 5.1. with the relation (5.1) between
A= (an) and G = (gnk)-

Corollary: 5.3. Let A = (a,,;) be an infinite matrix. Then, the following statements hold:

) Ae (cP(NY:c®) if and only if the conditions (4.3.1)-(4.3.3) hold with £, instead of
Ank-

iy Ae (cP:c®(NY) if and only if the conditions (4.3.1)-(4.3.3) hold with g, instead of
Ank-

i)y Ae (c®(N): 1) if and only if the condition (4.1.1) holds with £, instead of a,.

iv) A€ (c®: 1P (NY) ifand only if the condition (4.1.1) holds with g, instead of a,.

6. An Application on the Sequence Spaces ¢® (N%), ¢P(N%) and 1, (N%)

In this section we define a Norlund type matrix in p-adic form and we show some application on
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sequence spaces of p-adic numbers.

k
Suppose that t;, = (%) be a nonnegative p-adic sequence where p is prime numbers and T,, =

k
k=0 (%) for all k,n € N. Then, the Norlund type mean with respect to the sequence t = (t;) is

defined by the matrix N® = (a,&’,?) as follows
p—1

(6.1) a®) = pnk
0o , k>n

0<k<n

for every k,n € N. It is know that the Norlund type matrix NP is a Teoplitz matrix if and only if

;)n_—lk — 0, as n— . The inverse of Norlund type matrix N® is (N®) ™' = y® = (ufl",’{))

defined as follow

1Tl—k
@ _ —1”"‘(—) T, n—1<k<n
u® = -1 - n

0 , otherwise

So all above theorems and corollaries are satisfied with the Nérlund type matrix N® = (afl’,’c)). The
results which are given above are more general with the Norlund matrix rather than Norlund type
matrix N®) = (afl’,’()).

7. Conclusion

The concept of p-adic numbers has been studied by many of the mathematicians as p-adic algebra
and as p-adic analysis. Most of the important topological and algebraic properties were discovered
and introduced. Nowadays, there are significant applications of p-adic numbers and p-adic analysis
in pure mathematics, mathematical physics, applied statistics and computer sciences.

The Noérlund matrix domain on null and convergent sequences, and almost convergent sequences
spaces were studied by Tug and Basar (2016). They investigated some topological properties, duals
and some important matrix transformations.

In this paper, we calculated the Norlund domain on the sequence spaces l,®, ¢® and ¢,® of p-
adic numbers and we proved some topological properties of the new sequence spaces of p-adic
numbers. Then some important inclusion relations were proved. Moreover, the a—, 8 — and y —
duals were calculated. In the last section we characterized some new matrix classes related with new

sequence spaces Lo P (N?), ¢®P(Nt) and ¢, (N?) of p-adic numbers and an application of
Norlund type matrix was stated.
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