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Abstract 

This paper presents the commutativity of high-order linear time-
varying systems (LTVSs). Explicit conditions for the commutativity of 
high-order LTVSs are derived. The feedback conjugate pairs for high-
order LTVSs are considered. The effects of sensitivity and disturbance 
on sixth-order LTVSs have been investigated. Example is given to 
support the results. 

1. Introduction 

Differential equation is one of the important fields of applied 
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mathematics that arises in network design, wave motion, fluid dynamics, 
telecommunications, electro-magnetic, wave distribution, electronic 
dynamics and many other branches of engineering and sciences. Marshall 
investigated the commutativity condition of first-order [1]. In the past and 
present, so many works have been done on commutative theories and 
conditions. Among the few ones that appeared in the literature are [2-6] 
which represent commutativity for second, third, fourth, fifth, sixth-order 
systems, respectively. As part of the application of commutativity, the 
authors in [7-11] studied and presented the decomposition of fourth-order 
LTVSs. 

This paper introduces the explicit commutativity for high-order LTVSs 
together with its feedback conjugate pairs. The sensitivity of the system 
toward changes in parameters or initial conditions is also investigated by 
considering an example to support the results. 

2. Preliminaries 

Commutativity: Consider two LTVSs A and B of sixth-order defined by 
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,012 txtytbtytbtytb BBBB  (2) 

where tytx AA ,  and tytx BB ,  are the input and output of systems A 

and B, respectively; tbta ii ,  are the time-varying coefficients, and 0ty i
A  

and 0ty i
B  are the initial condition up to fifth-order. 

3. Main Results 

Theorem [6]. The commutative formulas for sixth-order LTVS in the 
case of zero-initial conditions are that 
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(i) The coefficients of the LTVS describing B must be expressed in terms 
of the coefficients of the LTVS describing system A 

,

1

0

00

000

0000

00000

000000

0

1

2

3

4

5

6

1,02,03,04,05,00

1,12,13,14,15,11

2,23,24,25,22

3,34,35,33

4,45,44

5,55

6

0

1

2

3

4

5

6

c

c

c

c

c

c

c

fffffa

fffffa

ffffa

fffa

ffa

fa

a

b

b

b

b

b

b

b

 (3) 

where 0123456 ,,,,,, ccccccc  are constants and the jif ,  are nonlinear 

algebraic equations: 
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(ii) Also, maintaining the same constant ,sci  the coefficients of the first 

system must satisfy the following five nonlinear algebraic equations: 
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where jiF ,  are the non-linear algebraic equations which involve derivative 

details of the ., jif  

4. Example 

An example is shown to validate the effectiveness of our work toward 
sensitivity and the feedback response. Consider the sixth-order LTVS as 

.: 11
5

1
6

1
6 xyyytA  (5) 

The coefficients of equation (5) are used in equation (3) by computing all 
the ,s, jif  the LTVS B is obtained in matrix form as: 
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 (6) 

Considering the second commutative condition in equation (4), the 
s, jiF  are obtained in matrix form as: 
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Solving for the following unknown constants in equation (7) indicates 
that the system generates commutative constant feedback conjugate pairs 

5c .01234 cccc  By considering ,012345 ccccc  

the commutative constant feedback conjugate pair of A is given by 

.: 2202
5

2
6

26 xycytyycB  (8) 

We consider the commutative with nonzero initial conditions. We 
analogously make use of Theorem 2 in [6], together with the computed result 
and we come up with the following: 
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Solving equation (9) leads to: 

.1 60 cc  (10) 

Observe that, from equation (9), the initial conditions are set to arbitrary. 

Left: For 25.06c  and 75.00c  with Amplitude 24, Frequency 13 

and Bias −3.3 as the input, we obtained the same response BAAB  (solid 
blue curve) with non-zero initial conditions ,5.01jy  ,5.01jy  

2,1j  all others are ,zero  which was due to 60 1 cc  in equation 

(10), hence commutativity holds. For the sensitivity of AB and BA due to 
initial conditions, (switching 5.011y  to −1), the commutativity for ABI 

(long dashed-red curve) and BAI (dot dashed-green curve) is spoil. 

Right: Maintaining the same input, initial state and initial condition, we 
obtained the same response BAAB  (solid blue curve). Investigating the 
effects of sensitivity of AB and BA toward parameters, 75.0switching 0c  

to ,25.00c  the commutativity for ABI (long dashed-red curve) and BAI 

(dot dashed-green curve) is no longer valid as a result of altering with 
equation (10) .1 60 cc  
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Figure 1. Simulation results for the example. 

5. Conclusions 

This paper studied the commutativity of high-order LTVSs. 
Commutative formulas for high-order are presented. The results show that 
the LTVSs A in equation (5) and B in equation (8) are commutative under 
certain conditions, however, the commutative systems AB and BA are 
sensible toward changes in initial conditions and parameters. Commutativity 
theories are very important in science and engineering. This study can be 
extended to nonlinear, partial, and fractional differential equation. 
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